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ABSTRACT
A semi-analytical m ethod is developed for analysis o f  slope stability 
involving cohesive and non-cohesive soils. For sandy slopes, a planar slip surface is 
employed. For clayey slopes, circular slip surfaces are em ployed including Toe 
Failure, Face Failure and Base Failure resulting from different locations o f  a hard 
stratum. Earthquake effects are considered in an approxim ate m anner in terms o f  
seismic coefficient-dependent forces. The proposed m ethod can be viewed as an 
extension o f  the m ethod o f  slices, but it provides a more accurate treatm ent o f  the 
forces because they are represented in an integral form. .A.Iso. the minim um  factor o f 
safety is obtained by using the Pow ell’s optim ization technique rather than by a trial 
and error approach used com m only. The results (factor o f  safety) from the proposed 
semi-analytical method developed in this study are com pared with the solutions by 
the Bishop method (1952) and the finite element method, and satis factor}' 
agreements arc obtained. The proposed method is sim pler and more straightforward 
than the Bishop method and the finite element method. .Also, it is found to be as 
good as or better than traditional slope stability analysis m ethods.
.An artificial neural network is also introduced in this study, as an alternate 
approach, for m odeling slope stability. The proposed neural network model is a two- 
layer recurrent neural network (RNN) with a sigmoid hidden layer and a linear 
output layer. The model is developed by using data from 124 slopes collected lor 
this study. The input variables include the parameters that contribute to the failure o f
xni
a slope and include the height o f  a slope, the inclination o f  slope, the height o f  water 
level, the height o f  tension cracks at crest o f  slope, the depth o f  firm base, horizontal 
and vertical seismic coefficients, the unit w eight o f  soil, the cohesion o f  soil, the 
friction angle o f  soil, the thickness o f  each layer, and the pore w ater pressure ratio 
w hich is defined as the ratio o f  the pore w ater pressure to the overburden pressure 
for a given layer. The output layer is a single linear neuron -  the factor o f  safety o f  a 
slope. Training is performed on the 104 slope data random ly selected from the 124 
slopes and prediction or evaluation is based on the rem aining 20 slopes. Statistical 
analyses performed show that the results from the proposed RNN model are closer 
to the finite element method than to the Bishop m ethod and the proposed semi- 
analytical method. separate RNN model is developed to determ ine circular slip 
surfaces by retraining the proposed neural network model with three neurons in the 
output layer, namely the coordinates o f  the center and the radius o f  the circular slip 
surface. In com parison with the proposed semi-analytical m ethod, the proposed 
RNN model is found to be more effective in representing relatively com plex slopes 
with layered soils and/or pore w ater pressures.
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CHAPTER 1 
INTRODUCTION
1.1 Introduction
Slope stability has been a subject o f  continued concern because o f  trem endous loss 
o f  properties and infrastructure caused annually by slope failures in N orth A m erica 
and other places in the w orld (Bishop and M orgenstem, I960; Haug et al., 1976; 
Schuster, 1978; Hansbo et al., 1985; Leshchinsky and Huang, 1992; G ottardi et al., 
1998; Shioi and Sutoh, 1999; Zhang, 2001). Ln the United States o f  A m erica alone, 
it is estimated that the direct and indirect costs o f  slope failures exceed SI billion per 
year (Bjerrum, 1967; Brunsden and Prior, 1984; National Research Council, 1985; 
Fredlund and Scoular, 1999). It is therefore important to develop m ore effective 
m ethods for the assessm ent o f  slope failures through evaluation o f  factor o f  safety.
Slope failures, also referred to as slides or landslides, w hether sudden or 
gradual, are due to overstress o f  the slope or foundation m aterials w ith respect to 
their available strength (M orgenstem  1963; Davis, 1968; C hing and Fredlund, 1983; 
Abramson, 1996; Dai et al., 2000). O verstresses may occur due to the following:
1 ) factors causing an increase in shear stress (e.g., external loads, steepening o f  
slope, undercutting o f  a slope at the toe. sudden drawdown, earthquakes);
2) factors causing a decrease in shear strength (e.g., liquefaction triggered by 
shock or dynamic forces, saturation o f  a slope particularly in desiccated 
soils, other factors that increase excess pore water pressure);
3) hydrodynamic forces (such as earthquake-induced waves, seepage forces);
4) hydrostatic forces (such as tension cracks filled w ith w ater in fissured clays 
or desiccated clays, artesian pressures in filled aquifers).
Due to num erous factors affecting slope failures, slope stability analyses have 
always been a difficult and com plex task in geotechnical engineering and 
geom echanics (Cousins, 1978; Leshchinsky et al., 1985; Wakai and Ugai, 1999). 
Com m on practice in slope stability analysis involves either neglecting or over­
sim plifying more com plex soil behaviors and properties as well as seismic forces (in 
case o f  earthquake-induced slope failures) (Ishihara, 1985; Seed and De Alba, 1986; 
Liu, 1990; Fredlund and Scoular, 1999).
Traditional methods currently available for analyzing slope stability 
problem s include the Fellenius M ethod (also called O rdinary M ethod o f  Slices or 
Swedish M ethod o f  Slices) (Fellenius, 1927), Bishop M ethod (Bishop, 1955), 
Janbu 's  M ethod (Janbu, 1968, 1973), M orgenstem  and Price M ethod (M orgenstem  
and Price, 1965), and Spencer’s M ethod (Spencer, 1967, 1968, 1973). These 
methods share some com m on features and limitations. All lim it equilibrium 
m ethods em ploy assum ptions to render a slope stability problem  detem iinate. The 
methods that consider side forces between slices (e.g., Janbu’s m ethod) are generally 
subjected to numerical instability problems under certain conditions (Duncan. 1996). 
When numerical instability problem s arise, the solution may fail to converge, or the 
calculated values may be unreasonable (Ching and Fredlund, 1983). The procedure
using the sum s o f  the terms (forces) for all slices m akes the hand-calculation o f  
factor o f  safety a repetitive and laborious process (Brunsden and Prior, 1984). 
Fortunately, a handful o f  com puter codes based on the lim it equilibrium  methods are 
now  available. These com puter codes (such as G eoSlope, Stabl for W indows, and 
XSLOPE) sim plify the process o f  finding the factor o f  safety and the most critical 
slip surface w ith a direct graphical view (Cheng, 2002).
In recent years, numerical m ethods have been w idely used in slope stability 
analyses with the unprecedented developm ent o f  com puter hardware and softw are 
(Kohgo and Yamashita, 1988; Huang and Yamasaki, 1993; Fredlund and Scoular, 
1999; Cheng et al., 2000). Both finite difference m ethods and finite elem ent 
m ethods may be used for the solution o f  non-linear problem s. As pointed out by 
Cundall (1976) and Leshchinsky et al. (1985), the equations which result from using 
a particular finite difference scheme can be sam e as those from a finite elem ent 
schem e, if  a particular integration method is em ployed. Although these num erical 
m ethods are m ore com plex to use than the conventional lim it equilibrium m ethods, 
they nevertheless can provide an insight into the way a slope will deform and fail 
(Snitbahn and Chen, 1976, 1978; Booker and Small. 1981; Leshchinsky and Huang, 
1992; Cheng et al., 2000). Such inform ation is quite valuable in addition to the 
inform ation (factor o f  safety, slip surface) obtained from traditional m ethods. 
•Although finite elem ent analyses are capable o f  m odeling field conditions (com plex 
geom etry, soil properties) realistically, they usually require significant effort and
cost that m ay not be justified  in som e cases (Chen and Cham eau, 1982; Duncan, 
1996).
In this study, sem i-analytical and artificial neural network (A N N ) m odels are 
developed for slope stability  analysis. The sem i-analytical solutions sim plify the 
process o f  calculating and finding the minim um  factors o f  safety. The proposed 
sem i-analytical method can be viewed as an extension o f  the m ethod o f  slices, but it 
provides a m ore accurate treatm ent o f  the associated forces because they are 
represented in an integral form. Also, the factor o f  safety is obtained by using a 
m inim ization technique rather than by a trial and error approach used com m only. 
The sem i-analytical solutions presented here m ay be useful for analyzing sim ple 
slopes. They could also be used for validating results obtained from other 
approaches and providing initial estimates for com plex slopes before m ore rigorous 
and costly analyses such as finite elem ent method are adopted.
Since m any factors are involved in m odeling slope stability, physics-based 
models can have difficulties in representing real-life situations and in considering 
such im portant factors as slope geom etry and soil properties affecting the stability o f  
slopes (Bishop. 1971, Pentz, 1982: Bem ander and Gustass, 1984; Jiao et al., 2000). 
.Additionally, physics-based models usually require data pertaining to geom etric and 
soil properties that may not be available and o r justified  in som e cases (B ooker and 
Davis, 1972; Hunt. 1986; Liu et al., 1988), The neural network approach can be a 
useful m odeling tool in such situations. Among im portant attributes, neural network
m odels are based on laboratory and/or field data and thus it is easier to include the 
factors affecting slope stability in such models. Because artificial neural network 
models have learning capability that physics-based models do not have, they can 
model slopes with a reasonable accuracy even when some data pertaining to 
geom etric and/or soil properties are unavailable. The neural network method as 
adopted in this study is based on the field and laboratory data including geometry, 
soil properties (e.g., shear-strength), and actual failure or slip surface data collected 
from field. Field case history data available at geotechnical engineering firms as well 
as case studies that have been reported in the literature were collected in this study 
to develop a database for the neural network modeling (architecture, training) effort. 
Slope stability analyses using finite elem ent methods that are available in the 
literature contributed to the database. Also, they provided a basis for com parison o f  
the neural network model performance.
1.2 Objectives
In this study, semi-analytical method and artificial neural network m odeling 
approach are used for analyses o f  slopes. Two different modeling approaches are 
pursued because for certain class o f  problems (e.g., slopes with som e data 
unavailable) one method may be more preferable than the other. The specific goals 
o f  this study include the following:
(i) Develop semi-analytical solutions for slope stability analysis;
(ii) Develop an artificial neural network (recurrent netw ork)-based model for 
analysis o f  slope stability;
(iii) Explore the strengths and weaknesses o f  each method (Semi-analytical 
m ethod, ANN-based method) with respect to physics-based methods, 
nam ely the finite element method and the traditional limit equilibrium  
methods (e.g., the Bishop method).
1.3 Format of the Dissertation
Following the introduction to slope stability problem s in C hapter 1, a detailed 
literature review o f  the methods o f  slope stability analysis is provided in Chapter 2. 
C hapter 3 presents the proposed semi-analytical m ethod for calculating the factor o f  
safety in w hich an integral approach is used to accurately represent the forces in 
various slices and an optim ization technique is used to obtain the critical slip 
surface. Chapter 4 presents the proposed neural network method for m odeling slope 
stability. Finally, in Chapter 5 summary- and conclusions o f  this study are presented 
and, recom m endations for further studies are discussed.
CHAPTER 2 
LITERATURE REVIEW
2.1 Introduction
Different analytical techniques have been developed in the past that m ay be used by 
engineers when assessing w hether a particular natural or m an-m ade slope is stable 
under a given state o f  conditions (e.g., short-term , long-term). O ne o f  the earliest 
analyses, which is still used today in many applications involving earth pressure, 
was proposed by Coulom b in 1773. C oulom b’s approach for earth pressures against 
retaining walls used plane sliding surfaces, that was extended to analysis o f  slopes 
in 1820 by Francis. By about 1840, experience with cuttings and em bankm ents for 
railways and canals in England and France began to show that m any failure surfaces 
in clay were not plane, but significantly cur\'ed (Brunsden and Prior, 1984). In 1916, 
curved failure surfaces were again reported from the failure o f  quay structures in 
Sweden (Petterson. 1956). In analyzing these failures, cylindrical surfaces w ere 
used and the sliding soil mass was divided into a num ber o f  vertical slices. The 
procedure is still som etim es referred to as the ‘Swedish M ethod o f  S lices’ (W alker 
and Fell, 1987). The practice o f  dividing a sliding mass into a num ber o f  slices is 
still in use, and it forms the basis o f  many m odem  analyses (Duncan, 1996). By 
m id-1950s further attention was given to the methods o f  analysis using circular and 
non-circular sliding surfaces (B ishop, 1955; Petterson, 1956). In carrying out such 
analyses, an appropriate m eans needs to be selected. Table 2-1 presents a sum m ary 
o f  typical traditional m ethods o f  slope stability analysis.
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Table 2 -1  Features o f  Traditional M ethods
Method Features
Sliding Block
Can be used for typical planar failure surfaces. Well-suited to many 
rock slopes and some soil slopes. Graphical solutions possible in 
simple cases.
Fellenius
Method
(Fellenius, 1927)
Inter-slice forces ignored. Normal force on base of slice obtained by 
resolving total forces normal to base. Underestimates factor of safety. 
Errors (on the safe side) large for deep failure masses with high pore 
pressures. Effective normal stresses on the bases of some slices can 
become negative. Fs is defined as the ratio of resisting to disturbing 
moments or forces. Calculation simple, no iteration required. 
Applicable to circular failure surfaces.
Bishop Method 
(Bishop, 1955)
Inter-slice forces ignored. Normal force on slice base obtained by 
resolving forces on slice vertically. Gives fairly accurate results but is 
restricted to slip surfaces of circular shape. Iterative procedure 
required for solution but rapid convergence usually obtained. Useful 
for hand calculations. Errors possible where portion of slip surface 
has steep negative slope near toe. Calculation of normal forces on 
slip surface possible.
Janbu Method 
(Janbu, 1968)
Requires assumption of inter-slice forces. Iterations made with 
successive sets of inter-slice forces till convergence reached. 
Suitable for slip surfaces of arbitrary shape. Convergence generally 
rapid but sometimes slow due to large changes in inter-slice forces 
between iterations. Necessary to check acceptability of solution in 
terms of position of line of thrust. Any implied tension or violation of 
failure criterion of solution to be regarded as rigorous.
Morgenstern- 
Price Method 
(Morgenstem 
and Price, 1965)
Versatile method which satisfies both force equilibrium and moment 
equilibrium and accounts for inter-slice forces which must be 
assumed. Side force inclinations assumed to vary linearly across 
each slice. Applicable to failure surfaces of arbitrary shape and 
arbitrary boundary conditions but computer is essential. Fs 
determined by numerical methods. Acceptability of solution must be 
checked. Considerable experience and judgment required.
Spencer 
Method 
(Spencer, 1967)
Originally devised for circular failure surfaces, but adapted for non­
circular failure surfaces. Assumes inter-slice forces to be parallel. 
Accuracy acceptable. Satisfies both force and moment equilibria. Use 
of computer desirable. Specially devised in relation to embankment 
stability problems, but may used for other problems.
Note: In all methods except the Fellenius Method above, factor o f  safety, F,, is defined as 
the ratio o f  unit shear strength available at a point to unit shear strength mobilized or 
required at the same point. F, is assumed constant along a slip surface.
In selecting a particular m ethod o f  analysis, the reliability and quantity  o f  
soil data, the knowledge o f  the slope geology and the consequences o f  failure should 
all be considered (A nderson and Richards, 1987). The results o f  an analysis are 
usually presented as a “ factor o f  safety” (i.e. the ratio o f  available strength to 
mobilized strength). O ne m ust decide w hether to use “ total stress param eters” or 
“effective stress param eters” based on field conditions w ith respect to pore water, 
drainage, and duration o f  loading.
The limiting equilibrium  m ethods are still very popular m ethods o f  slope 
stability analysis in use today; this popularity is partly due to the sim plicity and ease 
o f  use o f  such methods (D uncan, 1996). Computer codes based on the limiting 
equilibrium  methods further sim plify the process o f  finding the solution for a given 
slope. Also, the geotechnical engineering profession has gained significant 
expenence in their use (Brunsden and Prior, 1984). O f these m ethods, the method o f  
slices used with a circular failure surface is probably the m ost popular one, as 
circles are convenient for analysis and often approxim ate the observed failure 
surface (Abramson, 1996).
In the past three decades, there has been a grow ing aw areness o f  the 
applications o f  numerical m ethods (finite difference method, finite elem ent method) 
to engineering slope designs (Tavenas et al., 1980; Ching and Fredlund 1983; 
Donald and Giam 1988; Huang et al., 1989). Cundall (1976) applied finite 
difference method to slope stability analyses. In his study, Cundall (1976) found that 
the equations that resulted from using a particular finite difference schem e were
sam e as those that resulted from finite elem ent schem es, if  particular integration 
m ethods were employed. Duncan and Dunlop (1969) em ployed the finite elem ent 
m ethod and the simulation o f  sequential slope excavation to study the effect o f  
coefficient o f  lateral earth pressure on stability. Subsequently, Dunlop and D uncan 
(1970) expanded their method using a b ilinear stress-strain relationship to study the 
developm ent o f  failure around excavated slopes. M ore recently, Donald and Giam  
(1988) used nodal displacements obtained from the finite elem ent analysis to 
determ ine the stability o f  slopes. G iam and Donald (1988) presented an approach 
that used an automatic search scheme to locate the critical slip surface on the basis 
o f  stress-strain calculations. Huang et al. (1989, 1992) described a theoretical 
approach that defined the failure surface in a slope by em ploying the concept o f  
m inim um  factors o f  safety against local failures.
These numerical methods are able to model the stress-strain behavior o f  a 
soil and therefore should be capable o f  reproducing the actual slope behavior much 
m ore closely than the limit equilibrium  methods (H uang et al., 1992). However, 
they are limited by the fact that they are generally difficult to use, and require 
significant data preparation time on the part o f  the user. A lso, these m ethods require 
significant com puting time. As a result, in practice, the quick and sim ple limit 
equilibrium  methods h a \e  enjoyed w idespread use, w ith num erical m ethods being 
em ployed for cases where it is necessary to know how a slope may behave due to 
excavation or loading or where advanced stress-strain m odels tor the soil are needed 
(D uncan, 1996; Shioi and Sutoh, 1999).
1 0
2.2 Planar Failure Surface
A slope that is uniform  and very long relative to the depth o f  the potentially unstable 
layer may often be analyzed as a  planar-failure slope. The general m odel is shown 
in Figure 2 -1 .
Ground Surface
Potential 
Failure Surface
Figure 2-1 Forces Acting on a Vertical Slice (M ostyn and Sm all. 1987)
.As can be seen, the failure plane is taken to be parallel to and at a depth, d. below 
the ground surface having an inclination a  w ith the horizontal. The assum ption that 
the slope is very long and uniform implies that any vertical slice is sim ilar to all 
others. Thus, the side forces m ust be equal in m agnitude, opposite in direction and 
co-linear. G roundw ater tlow  is usually taken to be parallel to the ground surface 
with the phreatic surface at a distance. c/„,. above the failure plane. For a material
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with a  M ohr-Coulom b failure criterion the factor o f  safety, o f  the slope is given 
by the following expression (Das, 1994):
fr _ c ' + { y d -  )cos- a  ta n <p'
^  sin a  cos a
w here c ' is the effective cohesion o f  soil, y is the unit w eight o f  soil, is the unit 
w eight o f  w ater and (p' is the effective angle o f  friction.
The derivation o f  the factor o f  safety for a slope w ith planar failure surface is 
presented in m ost textbooks on soil mechanics (e.g. Lambe & W hitm an, 1979; Das, 
1994) or slope stability (e.g. Bromhead, 1986). The effective cohesion is often 
ignored, or assum ed to be zero, in which case Equation 2-1 simplifies to:
F  = yJ A  tan</i' 
'/tlV ta n a
( 2- 2 )
If  the water table is at or below the failure plane (i.e. a dry slope) then the 
slope is at lim iting equilibrium  (i.e. F, = 1 ) w h e n  the slope angle equals the
effective angle o f  friction. If the w ater table is at the surface (i.e. a saturated slope) 
then the slope angle at lim iting equilibrium is near ha lf the effective angle o f  friction 
(for typical friction angles and unit weights).
2.3 Circular Failure Surface
For m any slope failures, the surfaces along which sliding took place w ere found to 
be non-planar or curved leading to the idea o f  using curv'ed failure surfaces for the 
analysis o f  slope stability (Spencer. 1973; Chen and Shao, 1988). A lthough the 
actual failure surfaces in most cases are bowl shaped ( if  we consider three-
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dim ensional geometry), the representation o f  a failure surface as a  single curve (in 
two dim ension) greatly simplifies the analysis.
Early solutions for circular surfaces w ere obtained by Fellenius (1927) who 
used the method o f  slices, and by T aylor (1937, 1948) who used a friction circle 
m ethod to produce charts o f  “Stability N um bers” to determine factors o f  safety 
against slope failure. M ost m odem  circular slip circle methods make use o f  the 
m ethod o f  slices, and the m ajor differences between these methods involve the way 
in w hich the unknown quantities that arise in the analyses are dealt with. Some o f 
the methods for analysis o f  circular failure surfaces using the m ethod o f  slices are 
presented in the following section for com pleteness.
2.3.1 Fellenius Method
The sim plest o f  all the methods w hich make use o f  vertically-sided slices is the 
Fellenius (1927) method. Figure 2 -2  shows the region above the assum ed circular 
failure surface divided into slices and a free body diagram o f  a single slice with all 
o f  the forces acting on it, and the unknown points o f  application o f  the forces. As 
there are too many unknowns to obtain a solution, some assumptions m ust be made 
about the forces and their locations. The interslice forces ( ; E „ , ) are
assum ed to be equal and opposite to each slice and therefore they cancel each other. 
Taking mom ents about the center o f  the circle and assuming that everyw here along 
the failure surface the am ount o f  shear stress mobilized r,„ is the same fraction o f 
the total shear stress available (i.e. = (c' + <r' tan <p')l F  ), we obtain;
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, Loading
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Piezometric Surface 
—  —— —
May Include 
Tension Crack
Circular Slip Surface
Slices Do Not Need to
Be of Equal Thickness
Force
Polygon
Resultant
Figure 2 -2  C ircular Failure Surface and Forces Acting on a Single Slice
(Fellenius. 1927)
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V  \c'b sec a  + (lV cos a  -  ub sec or) tan ^ ')1 
= ----- ---------------Y w ; ^ a -----------------------
where c ' is the effective cohesion, b is the slice width, a  is the angle o f  the base o f  
the slice to the horizontal, W  is the total weight o f  the slice, ii is the w ater pressure 
acting on the base o f  the slice, ^ 'i s  the effective angle o f  friction, and the 
summation implies an addition over all slices.
2.3.2 Bishop Method
Bishop (1955) presented a m ethod in which the interslice forces X  and E  were taken 
into account in the analysis. For a m athem atically correct static solution, 
equilibrium  o f  forces and mom ents must exist for each slice as well as for all o f  the 
slices. B ishop’s rigorous formulation contains too many unknowns to enable a direct 
solution (Felio et al., 1984). Some assum ptions m ust be m ade regarding the 
distribution o f  some o f  the unknown quantities, and for this m ethod assumptions are 
made concerning the distribution of.V  force. The position o f  the line o f  thrust y, (see
Figure 2 -3 ) o f  these X  forces m ust be such that the mom ent equilibrium  o f  each 
slice is maintained. As pointed out by Sarma (1979), Bishop did not consider the 
point o f  action o f  the normal force on the base o f  the slice, thereby eliminating 
another group o f  unknowns for the problem.
Using B ishop's original and now somewhat familiar notation, the expression 
for the factor o f  safety against a slip failure is expressed as:
y  [f (l( ' -  z</i + A.\' ) tan ^  ' ) / /// 1
F  = ^ (2-4a)
7 If sin or
where
^ X  = X „ - X .n+!
= cos a 1+
tan a  tan  ^ r \
(2-4b)
(2 -4c )
h is the slice width. IV is the total weight o f  the slice, c'  is the effective cohesion, 
is the effective angle o f  friction, ii is the water pressure acting on the base o f  the 
slice, a  is the angle o f  the base o f  the slice to the horizontal.
Line of Thrust
Figure 2 -3  Position o f  Line o f  Thrust 
It may be noted that assum ptions about the .V forces make the solution 
process m ore com plex. Therefore, a sim plified or m odified-version o f  the B ishop 's 
equation is used by many engineers. It is assum ed that the difference in the .V' forces 
(i.e. à X )  for any slice is zero. This type o f  analysis is adequate enough for most 
practical purposes (O 'C onner and M itchell. 1977; Hungr. 1987).
Equation 2-4 a  involves a  factor o f  safety on both sides and so an iterative 
technique m ust be used in order to obtain a solution. In practice, this is often done
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by com puting the factor o f  safety using the Fellenius m ethod w hich is then used as 
an initial value to estim ate the quantity ni^ which appears in the left hand side o f
Equation 2-4a. In most cases, i f  the Fellenius method is used for estim ating the 
factor o f  safety initially, only 2 o r 3 iterations are usually necessary to obtain a 
converged solution for the sim plified Bishop method.
It is also o f  interest to know  the m agnitude o f  error introduced in the analysis 
by the m ethod o f  calculating the area o f  each slice or in calculating the angle o f  the 
base inclination and to know  the effect o f  the number o f  slices used in idealizing the 
slope to determ ine the factor o f  safety. All o f  these effects have been exam ined by 
Ting (1983) using the sim plified Bishop method. According to Ting (1983), 
m axim um  error occurs when calculating the factor o f  safety for deep circles in 
cohesive slopes. W ith 45 slices, the error is about 10% depending on the method 
used in com puting the area o f  slice. It is normal to specify betw een 50 and 100 
slices within the region above the potential failure surface to limit errors introduced 
from such sources. Errors m ay also be introduced when a slice lies across the 
boundary between two different materials. Some com puter codes adjust slice 
thicknesses to account for this, while others rely on the usage o f  a large num ber o f  
slices o f  equal thickness so that the effect becomes small.
2.3.3 Spencer's Method
.An alternative w ay o f  taking into account the interslice forces was proposed by 
Spencer ( 1967). It was noted that i f  resultants Z o f  the interstice forces were parallel
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and all inclined at a constant angle, 6 , then the resultant o f  the two interslice forces 
Q  (see Figure 2 -2 ) w ill also be inclined at an angle 9 .  To satisfy overall 
equilibrium , the following equations m ust be satisfied:
^ ( O c o s ^ )  = 0 (2 -5a)
^ ( O s i n ^ )  = 0 (2 -5b)
^ ( O c o s ( o r - ^ ) )  = 0 (2-5c)
If the angle 6  is chosen to be constant for all slices, then Equations 2 -5 a  to 
2 -5c will reduce to:
E g  = 0 (2-5d)
The effect o f  assum ing a constant angle for the intcrslice force resultants, 
when in reality it will vary from slice to slice, is claim ed to be small by Spencer 
(1967). It m ay be shown that the tbrce O  (for a particular slice) is given by the 
expression:
c'h  tan (f>' \ ... .
- sec a  +  ilv cos a  -  u sec a ) - i v  sin a
F  F
O = ^ ^ ,----------  (2-5e)
cos ( a - 9 )  1 + —  ^  tan (or -  9)  
F.\
For any particular value o f  the angle 9 ,  a factor o f  safety can be found 
which satisfies force equilibrium  F, (equation 2 -5b ) and another factor o f  safety
can be found which satisfies the m om ent equilibrium  F^ (equation 2 5c). A plot o f
F, and F„, against 9  was presented by Spencer ( 1967) and is shown in Figure 2-4 .
1 8
31 .6 ’
109.2 '
26 .5“
100 '
200 '
(a) Slope Data
.10
.05
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.00
0.95
0.90
0 105 15 20 25
( b) F, with 0
Figure 2 -4  V ariation o f  F,„ and F; with 9  (Spencer. 1967)
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The required (critical) factor o f  safety is obtained for the case .
This factor o f  safety = 1.07 and the corresponding value o f  the interslice force
angle 6  = 22.5° can be used to subsequently determ ine all the interslice forces and 
their line o f  thrust. The difference in the factor o f  safety obtained using the 
Spencer’s method as com pared to B ishop’s sim plified m ethod is not large. It was 
noted by Spencer (1968) that the difference between the two m ethods exceeded 1% 
in only 7 o f  the 92 cases attem pted.
Spencer (1968) also exam ined the effect o f  carrying out his analysis using 
effective interslice stresses instead o f  total stresses. It was found that the line o f  
thrust as calculated from the effective stress analysis was often unacceptable. To 
rem edy this, it was necessary to include tension cracks at the top o f  the slope and to 
allow for the w ater pressure in the cracks. The effect o f  this analysis was to slightly 
lower the factor o f  safety and Spencer concluded that the reduction in F^ was, 
however, very small and the effect o f  w ater pressure in a tension crack on the 
portion o f  the critical circle w as also found to be relatively small.
2.3.4 Obtaining the Most Critical Circle
W hichever o f  the methods o f  obtaining the factor o f  safety is used, a num ber o f  trial 
circles must be taken and analyzed in order to obtain the one that gives the least 
factor o f  safety (Baker, 1980). As m ost analyses are done by com puters, the process 
o f  analyzing a few hundred trial circles m ay be relatively quick and inexpensive in 
today’s com puting environm ent (Oboni and Bourdeau, 1983; .Abramson. 1996).
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Com puter programs need som e type o f  algorithm  upon which the search for 
the slip surface with the m inim um  factor o f  safety is based. One o f  tlie m ost 
com m only used m ethods is to specify a  grid on w hich the centers o f  trial slip circles 
lie (see Figure 2 -5 ). Contours o f  the m inim um  factor o f  safety at each center on the 
grid can be plotted in order to determ ine where the critical center may lie.
Contours of Minimum 
Factor of Safety at 
Each Center May Be 
Plotted
Centers of Circles 
Lie on Grid Points
Different Radii Used 
at Each Grid Point
Circles Tangent to Firm 
Strata Should Be Tested
Figure 2 -5  Grid Search Pattern (M ostyn and Small. 1987)
The am ount o f  com putation required to find the critical circle may be greatly 
reduced by using a technique by which one can autom atically locate the center 
coordinates and radius o f  the circle yielding the minim um  factor o f  safety. Such a 
technique has been described by Boutrup and Lovell (1980). who used the sim plex 
refiection method. To explain how the method works, consider the problem  o f
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finding the m inim um  factor o f  safety for a tw o-dim ensional circu lar slip surface. 
The problem basically involves finding the coordinates a, b  o f  the center and radius 
r  o f  the circle w hich m inim ize the factor o f  safety F^. This is done by evaluating 
at the four com ers o f  a tetrahedron defined in .r, y, r  space (i.e. the coordinates o f  the 
com ers are defined by the values o f  .r, y, r). The value o f  the factor o f  safety found 
at each com er may then be used to decide in which direction to m ove to obtain a 
lower factor o f  safety. O bviously this will be away from the vertex o f  the 
tetrahedron with the highest factor o f  safety. Depending on the coordinates and radii 
given to start the search, the m inim um  factor o f  safety can be found quite quickly.
2.4 Non-Circular Failure Surface
If  the shear strength is non-uniform  within a slope then the failure surface with the 
m inimum factor o f  safety w ill not necessarily be a circle but the shape w ill depend 
on the distribution o f  shear strength (Baker and Garber, 1978; Charles, 1982). 
Som etim es the general shape o f  the critical failure surface will be highly constrained 
by the distribution o f  w eak zones within the slope; other tim es it m ay require a  lot o f  
insight or w ork to find the critical surface or at least som e surface with sim ilar 
stability (Baker and Frydm an, 1983).
.Analysis o f  circular failure surfaces is easier than that o f  non-circular or 
generalized failure surfaces. This is because moments taken about the center o f  a 
circular failure surface result in a zero moment arm for the norm al forces acting on 
the failure surface and a constant m om ent ami for the cohesive forces on the failure 
surface. Nevertheless the m om ents tor the entire mass or each slice can be taken
about any point o r points that are convenient, and failure surface o f  any  shape can 
be adopted (Zhang and Chen, 1987). This approach is used in analyzing generalized 
failure surfaces.
As discussed in Section 2.3, the problem  is indeterm inate and some 
assum ptions need to be made for evaluation o f  factor o f  safety. In the simplified 
m ethod. Bishop (1955) assum ed that the interslice shear forces on each side o f  any 
slice were equal. The shear forces on m ost dow nslope slices are alm ost always zero 
(unless there is an applied external shear) and thus Bishop's sim plifying assum ption 
is equivalent to setting all the shear forces to zero. The resultant interslice force is 
horizontal. This assum ption renders the problem  determinate.
The assum ptions made to render the problem determ inate are the main 
differences between the various methods o f  analysis for generalized failure surfaces 
(G raham , 1984). The m ethods generally m ake som e assum ption regarding either the 
location o f  the interslice resultant force (i.e. the line o f  thrust, as shown in Figure 2 -  
3), or the m agnitude o f  the interslice shear force (i.e. X^  and .V,., in Figure 2-2).
Som e m ethods only satisfy the requirem ents o f  force equilibrium , while others 
satisfy both force and m om ent equilibria. These latter methods are generally 
referred to as rigorous m ethods (M adej, 1984).
It should be noted that the simplified Bishop and Fellenius methods o f  slices 
satisfy force equilibrium  in one direction and the overall m om ent equilibrium . Also, 
the methods that satisfy mom ent equilibrium  give a factor o f  safety that is relatively 
independent o f  the assum ption regarding the interslice forces, w hile those that
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satisfy only force equilibrium  result in a  factor o f  safety that is quite sensitive to the 
assum ption regarding the interslice force (Fredlund et al., 1981). Som e o f  the 
m ethods that are com m only used or have been recently developed to analyze 
generalized failure surfaces are briefly discussed below.
2.4.1 Janbu’s Method
From the mid-50s to the early 70s, Janbu developed generalized and sim plified 
m ethods which are best described in Janbu (1973). In the generalized m ethod, a line 
o f  thrust is assumed and the equations o f  equilibrium  solved. Sarm a (1979) pointed 
out that this is not a rigorous solution because m om ent equilibrium o f  the last slice 
is not satisfied; this affects the line o f  thrust but does not greatly affect the factor o f  
safety. Janbu (1973) noted that the factor o f  safety is relatively insensitive to the 
assum ption regarding the location o f  the line o f  thrust as long as it is reasonable. 
A ccording to Janbu (1973), the line o f  thrust should be near one third the height o f  
the slice for cohesionless soils. It should be below this level in the active zone and 
above it in the passive zone for cohesive soils. This m ethod som etim es gives 
answers that differ quite m arkedly from those obtained by other m ethods such as 
Bishop m ethod (M aksim ovic, 1979; Li and W hite, 1986).
Janbu's sim plified method is based on satisfying only force equilibrium . It 
involves com pleting one iteration o f  the "rigorous" method to obtain first estim ates 
o f  the normal stresses on the base o f  the slices and o f  the interslice forces (M ostyn 
and Sm all. 1987). The result derived from this first iteration is then m ultiplied by a 
correction factor that depends on the curvature o f  the failure surface and the
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m aterial param eters. These correction factors are based on lim ited com parisons o f  
analyses o f  hom ogenous slopes w ith his “rigorous” m ethod. Lum sdaine and Tang 
(1982) reported that, for m ore com plex problems, there is very little correlation 
between the correction factors given by Janbu and “true” correction factors derived 
by using Janbu’s rigorous m ethod to solve the same problem . Janbu (1973) 
recom mended that his sim plified method should only be used when com puters were 
not available and an estim ate o f  the factor o f  safety was to be obtained by hand 
calculations. Thus, although there are m any com puter im plem entations o f  this 
method, it is hard to envisage an occasion where it would now be appropriate to use 
this method in lieu o f  other readily available com puter-based m ethods.
2.4.2 Morgenstern-Price Method
This is perhaps the best know n and most widely used m ethod developed for 
analyzing generalized failure surfaces. The method was initially described by 
M orgenstem  and Price (1965). It satisfies all static equilibrium requirem ents and is, 
therefore, a rigorous m ethod, but the solution obtained m ust be checked for 
acceptability. The overall problem  is made determinate by assum ing a functional 
relationship between the interslice shear force and the interslice normal force. The 
function is referred to as f ( x t  and most programs im plem enting the m ethod provide a 
choice o f  such functions. Choosing such a function actually overdeterm ines the 
problem  and thus part o f  the solution process is to determ ine a scaling factor, À . 
The function f ( x)  defines the relative inclination o f  the interslice forces, while À
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defines their absolute m agnitude. Thus, the interslice forces on the left hand side o f  
slice n in Figure 2 -2  are related by the following equation;
X „ = X ^ f { x ) * E „  (2 -6 )
The solution procedure proposed by M orgenstem  and Price (1965) differs 
from that adopted by m ost investigators in that the problem  was form ulated using 
differential equations that w ere integrated over each slice. The derivation o f  the 
governing equations, the equations them selves and the method o f  solving the 
equations are all quite com plex (Fan et al., 1986).
The M orgenstem -Price method is generally im plem ented on com puters; 
output should include adequate data to determ ine the adm issibility o f  each solution. 
.After reviewing num erous methods o f  analysis, Li and W hite (1987) recom m ended 
this method for general use. It should be noted that in certain occasions this method 
m ay have difficulty  in analyzing problem s w here there are near vertical sections o f  
either the failure or ground surface.
The M orgenstem  and Price (1965) method does not make the assum ption 
that the normal force on the base o f  each slice acts at the center o f  the slice. Thus, 
the accuracy o f  the other methods increases as the slices becom e thinner. A 
reasonable num ber o f  slices should be adopted in any analyses.
Fredlund and Krahn (1977) conducted a com parison o f  various m ethods by 
obtaining an equivalent À for each. For the .Morgenstem-Price m ethod, the side 
force function, /( .v )  = l .  was adopted and À determ ined. The sim plified Bishop
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m ethod is equivalent to X equal to zero, Spencer’s method (1967) is equivalent to 
X equal to ta n ^ ,  and an equivalent X was determ ined for Janbu’s m ethod. From 
the com parison o f  results it was concluded that the factor o f  safety to satisfy 
m om ent equilibrium, was relatively insensitive to the side force assum ption.
Thus, those methods that satisfy m om ent equilibrium  give sim ilar results provided 
that adm issible side force functions are adopted.
Com parisons by Ching and Fredlund (1984) and Fredlund (1984) resulted in 
sim ilar conclusions. The various m ethods considered by these researchers gave 
essentially the same answ ers for cohesionless soils; methods that satisfied m om ent 
equilibrium gave sim ilar answers for frictionless soils. M ethods that satisfied only 
force equilibrium resulted in factors o f  safety that were quite dependent on the side 
force assum ption and the factor o f  safety varied by up to 20% for cohesive (c, (p ) 
soils (Charles and Soares, 1984).
The M orgenstem -Price m ethod as well as some more recent m ethods such as 
Bromhead (1986). Li and W hite (1987) and Fredlund and Krahn (1977) is fairly 
w idely used and accepted for general analysis o f  non-circular failure surfaces and its 
results have been verified in several com parative studies; but acceptability o f  
solutions should always be checked (Costa and Thomas. 1984; Abram son, 1996).
2.4.3 Location of Critical Failure Surface
Initially, methods o f  analysis were based on circular surfaces. However, 
developm ent o f  methods for non-circular surfaces followed soon. For the m ost part.
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non-circular m ethods may also be used for the analysis o f  circular failure surfaces, 
since a circle is merely a special type o f  curved failure surface. M any com puter 
program s have been developed with procedures that determ ine the center and radius 
o f  the circular failure surface that give a minim um  factor o f  safety. These program s 
do not always find the absolute m inimum ; instead som etim es they only locate a 
local minim um  factor o f  safety. The equivalent problem  o f  determ ining the 
generalized failure surface having minim um  factor o f  safety is considerably more 
com plex and routine procedures are uncom m on (Chen and M orgenstem , 1983).
Often automatic search procedures are not required as the distribution o f  
weak material within a particular slope is such that the critical failure surface can be 
detem iined by analyzing only a few cases. In addition, most non-circular analyses 
are com puter-based and often the programs do not include any algorithm to assist in 
the location o f  the critical failure surface. Thus, it is often necessar>' to locate the 
critical failure surface by an intelligent selection o f  potential failure surfaces and 
m anual iteration until the critical surface has been established. This may often be the 
m ost efficient means o f  locating the critical surface.
2.3 Computer Codes Based on Traditional Methods
N’umerous com m ercial com puter programs based on the traditional limit equilibrium  
m ethods have been developed for analysis o f  slope stability problems. Som e o f  the 
available programs are DOS-based while the others are W indows-based that can 
make the solution process analogous to a graphical procedure. Table 2 -2  presents a 
list o f  typical com puter codes currently available.
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Table 2 -2  Features o f  C om puter Codes Based on Traditional M ethods
Code Features
Galena
Windows
(Clover,
Australia)
Based on Bishop, Spencer and Sarma methods. Single or multiple 
analyses for all methods. Back analysis features ‘what strength is 
required’ for past failures. User-defined restraints, external forces, 
distributed loads, and earthquake effects. Pore pressure defined by r„ 
or phreatic surface, piezometric surface. Automatic generation of 
tension cracks for multiple analysis.
GEOSLOPE
DOS
(Geocomp,
USA)
Based on Bishop’s simplified and Janbu’s simplified methods. 
Automatic search slip surface with minimum F,. Allows different soil 
types: several ways to describe strength and its variation, pore 
pressures, and surface loading. Single or multiple surface analysis.
GSiope 
Windows 
(Mitre, Canada)
Based on Bishop’s simplified and Janbu’s simplified methods. Pore 
pressure taken into account by r^  or piezometric surface. Pseudo­
static analysis. Soil layers, piezometric surfaces, external forces, and 
search grids drawn by mouse. F; updated automatically with slip 
surface change. Allow materials excavated or filled.
MStab 
'  Windows 
: (GeoDelft, 
Netherlands)
Based on Fellenius, Bishop and Spencer methods. Automatic critical 
slip circle search; user-defined circle zones; output F, contours and 
stress components along slip surface. Non-circular slip surface by 
user-defined coordinates. Interactive input of geometry with arbitrary 
shaped layers. Pore pressures defined by piezometric level or degree 
of consolidation. Point or distributed loads. Pseudo-static analysis; 
Drawdown and excess r^ .
1  SB-SLOPE 
DOS 
: (Geosystem, 
USA)
1 Based on simplified Bishop and Spencer methods. Simultaneous 
1 analysis of upstream and downstream dam slopes. Interactive 
i  graphics to select circular/non-circular failure surface. Pore pressure 
taken into account by phreatic surface or r^ . Psuedo-static analysis. 
Distributed loads and tension crack. Rapid drawdown.
I Slide 
i  Windows 
(Rocscience, 
Canada)
Based on Fellenius, simplified Bishop, Janbu, Spencer, Morgenstern- 
j  Price methods with integrated FEM groundwater analysis 
(unsaturated steady-state). Anisotropic strength. Pore pressure by 
phreatic/piezometric surface, r„ or grid. Automatic mesh generation. 
Line, uniform/triangular distributed loads, horizontal/vertical seismic 
loads. Circular grid/slope/auto-refinement search, non-circular 
block/path search; User-defined slip surface, slope limits, search 
1  focus, tension cracks, and water levels.
Slope 
DOS 
; (Geoslove, UK)
i
;  Based on Fellenius, Bishop, Spencer and Janbu methods. Automatic 
!  search critical slip surface. Up to 9 soil strata. Multiple water tables or 
j piezometric surfaces. Pore pressures from water table or flow line.
Ï  Perched water and artesian pressures by piezometric surfaces.
! External forces, quasi-static forces. Menu driven data entry.
 ^ Slope
DOS, Windows 
1 (Oasys, UK)
i  Based on Fellenius, Bishop, and Janbu methods. Pore pressure by 
phreatic surface, piezometric or r^  values; drained or undrained shear 
strength; A range of circle centers with variable radius or with all 
circles passing through a fixed point, or tangent to a surface; option 
1 to extend the grid to find minimum F^ ; surface loads with horizontal 
j ground acceleration.
29
Table 2 -2  Continued
Code Features
Slope2000 
DOS, Windows, 
UNIX
(HK Poly Univ., 
HK)
3-D analysis based on Bishop, Janbu, and Spencer methods. 2-D 
analysis based on Bishop, Janbu, Spencer, and Morgenstern-Price 
methods. Locates critical slip surface under general conditions. User- 
defined convergence criterion, soil layers, surcharge, perched water 
and earthquake.
Slope-W
Windows
(Geo-Slope,
Canada)
Based on Fellenius, simplified Bishop, simplified Janbu, Spencer, 
Morgenstern-Price, and FEM analysis: variable or discontinuous soil 
strata, impenetrable layers, dry and water filled tension cracks. Pore 
pressure by r„ or grid, piezometric line. Total or effective stress, user 
defined failure envelope, surcharge and seismic loads.
Stabl for 
Windows 
(Purdue Univ., 
USA)
Based on simplified Bishop, simplified Janbu, and Spencer methods. 
Random generation of slip surface with minimum F,. Specific trial 
failure surface and analysis allowed. Heterogeneous soils, 
anisotropic soil strengths, excess pore pressure, hydrostatic and 
surface water, pseudo-static loading and surcharge.
STABLE
DOS, Windows 
(M Z Assoc., 
UK)
Based on Bishop, Morgenstern-Price and Sarma methods. Links to 
CAD for input and editing of geometric data. In-built graphics window. 
All geometry displayed as input for data validation. Pore pressures by 
piezometric surface, values. Point loads, tension cracks.
TSLOPE
Web/Java
(TAGAsoft,
USA)
Based on Spencer and Morgenstern-Price methods. Graphical 
1  interface to create surfaces, line loads or boundary pressures, 
j Intelligent search for critical slip surface. Pseudo-static analyses, 
j Automatically computes pressures on submerged slope, in tension 
cracks, and from phreatic surface or r^ . Variation of undrained shear 
i  strengths. Two-stage rapid drawdown analysis.
XSLOPE for 
Windows 
(Univ. of 
Sydney, 
Australia)
1  Based on Bishop simplified and Morgenstern-Price methods. Layered 
soils. Automatic search critical circle. Pore pressures by piezometric 
surface, r„ or grid. External normal/shear tractions on slope surface.
1 Horizontal/vertical earthquake forces. Slip surfaces modified by 
1  mouse. F; automatically updated with slip surface change.
Note: The computer codes presented can be found in the Geotechnical & Geoenvironmental 
Software Director}' via the Internet (ht  tip : . ggsd . com).
These com puter codes inherit the strengths and weaknesses o f  the traditional 
limit equilibrium  methods that they are based on. Most o f  the programs can handle 
both circular and non-circular failure surfaces. Some codes (Slide, Slope-VV) even 
have the option to integrate finite elem ent analysis, as discussed in the following 
section.
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2.6 Numerical Methods for Slope Stability Analysis
W ith the rapid developm ent o f  com putational technologies, alternative num erical 
approaches have been sought for developing new  m odeling techniques. Am ong 
them, finite difference m ethod and finite elem ent method are being w idely used by 
consulting firms as com puting facilities becom e cheaper and m ore readily available. 
A lthough they are m ore com plex to use than the conventional limit equilibrium  
methods, they nevertheless can provide a detailed insight into the w ay how  a slope 
will deform and fail, and therefore provide a valuable addition to m ethods o f  
analyzing slope behavior.
2.6.1 Finite Difference Method
Finite difference m ethod w idely used to obtain approxim ate solutions o f  m any 
boundary value problem s whose exact solutions are m athem atically com plex and in 
som e cases im possible (Zam an, 1995). Response o f  a structural system is often 
represented by the governing differential equations. These equations involve 
derivatives o f  functions. U sing finite difference approach these derivatives can be 
easily evaluated at discrete points. The partial differential equations (PDEs) can then 
be solved in the dom ain with respect to some given boundary conditions. Cundall 
(1976) gave an exam ple o f  how finite difference methods might be applied to the 
problem s o f  slope stability.
Finite difference m ethod is an approxim ate m ethod for determ ining 
derivatives o f  a function. Depending upon circum stances, the finite difference 
m ethod may give exact results. However, frequently it yields only approxim ate
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results. The m agnitude or extent o f  error in using finite difference m ethod in finding 
derivatives o f  a function depends on various including order o f  derivative (2"‘’ order, 
3^** order, etc.), type o f  function (polynom ial, trigonom etric, etc.), type o f  finite 
difference mesh (fine, coarse, etc.), and other factors (calculation accuracy, etc) 
(Zam an et al., 2000).
N onetheless, some com m ercially available com puter programs 
(FLA C/Slope, CH ASM  etc.) have been developed based on the finite difference 
m ethod to solve slope stability problem s. FLAC/Slope features a graphical interface, 
autom atic factor-of-safety calculation, arbitrary slope geom etries, m ultiple layers, 
pore pressure conditions, heterogeneous soil properties, and surface loading, etc. 
This m ethod has the following advantages over the traditional m ethods: 1) failure 
m ode develops naturally, no need to specify trial surfaces; 2) no param eters (e.g. 
functions for inter-slice angles) need to be given as input; 3) m ultiple failure 
surfaces (or com plex internal yielding) evolve naturally.
2.6.2 Finite Element Method
The finite elem ent method (FEM ) represents a powerful alternative approach for 
slope stability analysis. This method is accurate, versatile, and requires fewer a 
priori assum ptions, especially regarding the failure m echanism . The FEM  is very 
powerful in solving problem s with irregular boundaries and com plex variation o f  
potential and flow lines (Zam an et al., 2000). The region to be analyzed is divided 
into elem ents which are jo ined  at nodes. The unknown displacem ents at each node
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m ay be com puted and from these the strain and stress fields within the body m ay be 
found.
Using such a num erical technique it is possible to model each soil type 
according to some constitutive law that describes the stress-strain behavior. Such a 
law m ay be a simple one such as the M ohr-Coulom b failure criterion in w hich the 
soil is assum ed to be elastic until the stress state reaches a failure condition afier 
w hich it is treated as being perfectly plastic. Huang and Yamasaki (1993) and others 
used the D rucker-Prager yield function in their local minimum factor-of-safety 
approach. The Drucker-Prager yield function describes the elasto-plastic stress- 
strain behavior o f  the soil (Desai and Siriwardare, 1984).
A pplication o f  finite elem ent analysis to slope stability problem s has been 
dem onstrated by several authors. W right et al. (1973) carried out analyses o f  slopes 
using both linear elastic and nonlinear behavior o f  soil. It was found that the normal 
stress distributions around a circular arc, as determ ined by the Bishop m ethod, are 
very close to those found from a finite elem ent analysis provided that the slope was 
not steep and the value o f  X (i.e. yf-I tan(ÿ) /  c ), where H is the slope height, y is the 
unit w eight o f  the soil, and c  and ^ a re  the shear strength param eters) is large. They 
also obtained local factors o f  safety around the circum ference o f  the assum ed slip 
surface by com puting the ratio o f  the shear stresses (as found from the finite elem ent 
analysis) to the shear strength o f  the soil. Although the local factor o f  safety varied 
w idely around the circular slip surface, they noted that the average value o f  the
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factor o f  safety as determ ined by the Bishop m ethod was much the sam e as that 
found from the finite elem ent analysis.
Zienkiewicz et al. (1975) applied elasto-plastic finite elem ent analysis to 
problem s involving em bankm ents and cuttings. For stability analysis o f  
em bankments, they applied an initial state o f  stress that would result from gravity 
acting on the com pleted section, and then gradually reduced the cohesion o f  the 
material (keeping (p constant) until failure occurred. For the excavation problem , 
they set up an initial stress state that would result after removal o f  the soil, and once 
again reduced the cohesion until failure occurred. Zienkiewicz et al. (1975) also 
indicated that a conventional factor o f  safety could be obtained by sim ultaneously 
reducing c and ta n ^  until collapse occurred, and then the ratio o f  the actual strength 
param eters to the param eters at plastic collapse would yield the factor o f  safety.
2.7 Slope Stability Analysis Conditions
Consideration o f  the conditions that will control drainage in the field are im portant 
to include in analysis o f  slopes. Drained conditions are analyzed in term s o f  
effective stresses, using values determ ined from drained tests, or from undrained 
tests with pore water pressure (PVVP) measurement. Undrained conditions are 
analyzed in terms o f  total stress in order to avoid having to rely on estim ated values 
o f  PWP. which are difficult to predict accurately. Undrained shear strengths for total 
stress analyses can be evaluated using in-situ tests, unconsolidated undraincd (UU) 
or consolidated undrained (CU) tests.
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For total stress analysis, the PW P used as input for that soil should be 
specified as zero. This results in correct evaluation o f  the total stress when total unit 
w eights and external w ater pressures are used. For effective stress analyses, internal 
PW Ps are determ ined by  seepage analyses for long-term  steady-state conditions, or 
by hydrostatic pressure distributions if  there is no flow.
External w ater pressures are included in both total stress and effective stress 
analyses, because forces due to external w ater pressures are com ponents that m ust 
be included in the overall force and m om ent equilibrium  o f  the slope. External w ater 
pressures can be included in analyses by representing the w ater outside the slope as 
a “soil” with c=0, ^ = 0 , and unit weight = 9.81 kN/m^.
For em bankm ents and m ulti-stage loading conditions w here the loading 
results in increased stresses in the soil, the short-term condition is critical. This is 
because these types o f  loads result in positive changes in PW Ps, and, as these 
positive excess PWP dissipate over time, the effective stresses and the strength o f  
the soil increase.
The reverse is true o f  excavations. An excavation results in negative changes 
in PW Ps. W hen these PW P dissipate, the effective stresses and the strength o f  the 
soil decrease, and the slope becomes less stable. In cases w here it is not clear 
w hether the short-term  o r the long-term condition will be m ore critical, both should 
be analyzed.
For natural slopes, the most severe conditions are often associated with high 
PW Ps and w ater pressures in cracks, during wet periods. These are drained
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conditions, and are analyzed using effective stresses, with w ater pressures 
determ ined from seepage analyses (D uncan, 1996).
W hen carrying out an effective stress analysis, the pore w ater pressures need 
to be calculated at the base o f  each slice as the water force is involved in com puting 
the factor o f  safety. O ne o f  the com m on w ays to com pute pore pressure is to use ,
w here is defined as the ratio o f  the w ater pressure u to the overburden pressure 
Xf, at a given point (i.e. = This implies that the pore w ater pressure is
related to the overburden pressure o r that the w ater force U  at the base o f  each slice 
is proportional to the total weight W  o f  the slice (i.e. U = ) (M ostyn and Sm all,
1987).
.'\nother com m on way is to use a piezom etric surface. A surface m ay be used 
in conjunction with a slip circle program such that the w ater pressure, u, at the base 
o f  each slice is com puted as y j t ^ ,  where //„ is the vertical distance between the
piezom etric surface and the base o f  the slice. The use o f  a piezom etric surface for a 
slope in which seepage is taking place will lead to errors in estim ating pore 
pressures, since pore pressures should be determ ined from a flow net and cannot be 
tied to a single piezom etric surface (Zam an et al.. 2000).
The use o f  a pore pressure grid can overcom e the above problem . Pore 
pressure values may be specified at points on a regular grid and the values at the 
base o f  each slice tbund from interpolation o f  values at the nearest grid points. This 
is particularly useful w ith seepage problem s w here finite difference o r finite elem ent
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solutions m ay be obtained and used to set up a grid o f  pore pressures (M ostyn and 
Small, 1987).
M ost o f  the m ethods mentioned in the previous sections em ploy the 
definition o f  the factor o f  safety, Fs = shear strength o f  soil over shear stress 
required for equilibrium . As Lowe (1967) pointed out, defining the factor o f  safety 
as a factor on shear strength is logical because shear strength is usually the quantity 
that involves the greatest degree o f  uncertainty. The lim itation results from the fact 
that these m ethods provide no information regarding the m agnitudes o f  the strains 
within the slope, or any indication about how they m ay vary along the slip surface 
(Feld, 1965; Cavounidis, 1987; Chen and Liu, 1990). It is worth noting that the 
average value o f  F, is the same for all practical purposes, even if  the factor o f  safety 
is assumed to vary from place to place along the slip surface (D uncan and Wright, 
1980; Chugh, 1986; Chen. 1999).
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CHAPTERS 
PROPOSED SEMI ANALYTICAL METHOD 
FOR SLOPE STABILITY ANALYSIS
3.1 Introduction
This chapter presents a semi-analytical method, developed in this study, for analysis 
o f  slope stability involving cohesive and non-cohesive soils. Two types o f  failure 
surfaces are considered: a planar failure surface and a circular failure surface. The 
circular slip surface is employed for analysis o f  clayey slopes, whereas the planar 
slip surface is employed for analysis o f  sandy slopes. Semi-analytical solutions for 
the factors o f  safety o f  these two types o f  slopes are developed. Sandy slope is a 
sim ple case for semi-analytical method, w hich is done for completeness. The 
m ethod presented below is a simple process to locate both the smallest factor o f  
safety and the slip surface o f  a slope.
Unless there are geological controls that constrain the slip surface to a 
noncircular shape, it can be assumed with a reasonable certainty that the slip surface 
w ould be circular (Duncan, 1996). Celestino and Duncan (1981) and Spencer (1973) 
found that, in analyses where the slip surface was allowed to take any shape, the 
critical slip surface was essentially circular.
Locating the slip surface having the lowest factor o f  safety is an important 
part o f  analyzing a slope stability problem. A  num ber o f  com puter techniques have 
been developed to automate as m uch o f  this process as possible (Chen and Shao,
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1988). M ost com puter program s use systematic changes in the position o f  the center 
o f  the circle and the length o f  the radius to find the critical circle, w hich is rather 
time-consum ing (Dimcan, 1996).
The proposed semi-analytical m ethod can be viewed as an extension o f  the 
m ethod o f  slices, but it provides a more accurate treatment o f  the forces because 
they are represented in an integral form. The proposed solutions developed for 
circular failure surfaces allow the applications o f  an optimization technique to locate 
the centers o f  the circular slip surface. Therefore, the factor o f  safety can be obtained 
by using a minimization m ethod rather than by a trial and error approach used 
com monly. A com puter program is developed based on the proposed analytical 
solutions which makes it easy and less time-consuming to determ ine the m ost 
critical slip surface and the m inim um  factor o f  safety for a given slope.
3.2 Pseudo-Static Analysis
Stability o f  a slope can be significantly affected by the shaking caused by seismic 
forces such as earthquakes. The effect o f  an earthquake may be twofold; firstly, 
accelerations caused by the ground movem ent will induce an inertial force into the 
slope that will provide an extra overturning moment, and secondly, the vibration 
m ay cause pore pressure build up in the slope thus causing loss o f  frictional strength 
or even liquefaction o f  the soil. Both effects would reduce the factor o f  safety o f  
slope and may lead to failure if  the slope is subject to ground m ovem ent o f  sufficient 
m agnitude and diu*ation (Seed, 1968; A-Griva and Asaoka, 1982).
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Analytical or closed-form  solutions concerned with the stability o f  slopes 
subjected to earthquake loading has prim arily been carried out for earth and rockfill 
dam s as these have the greatest potential for dam age and loss o f  life, if  failure occurs 
(Clough and Chopra, 1966; Seed and De Alba, 1986). M uch o f  the work that has 
been done for dams is applicable to natural slopes.
The type o f  material the slope is com posed o f  is most important in assessing 
the potential o f  a slope to withstand earthquake accelerations (Newmark, 1965). 
Slopes that are com posed o f  or underlain by loose sandy soils are most susceptible 
to failure due to liquefaction o f  sand when subjected to cyclic loading. Seed (1979) 
quotes the examples o f  the lower and upper San Fernando Dams which appeared to 
be safe when a seismic coefficient o f  0.15 was used in a pseudo-static analysis. 
However, both these dams failed in the 1971 San Fernando earthquake due to the 
sand fill contained that liquefied when subjected to vibration.
On the other hand. Seed and De Alba (1986) quotes the San Francisco 
earthquake o f  1906 that subjected some 48 dam s in the region to accelerations o f  
between 0.25g and 0.6g without any damage. All o f  these dams were built o f  clayey 
soils on rock or clayey foundations. Two o f  the dams consisted o f  sands but the sand 
was not saturated.
Some engineers believe that the pseudo-static method should not be used 
under any circumstances as it cannot take into account the cyclic nature o f  forces 
applied to the slope. In conjunction with the stability o f  the em bankm ent o f  the dam.
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how ever. Seed (1980) stated that in cases where the crest acceleration does not 
exceed about 0.75g, deform ations o f  such em bankments will usually be acceptably 
sm all, i f  the em bankm ent can be show n to have a factor o f  safety o f  about 1.15 in a 
pseudo-static analysis perform ed using a seismic coefficient o f  0.15.
A lthough the experience gained with em bankment dams cannot by applied 
directly to natural slopes (because o f  geometrical differences), the seismic 
coefficient m ethod may be suitable for stability analysis o f  slopes in the types o f  
soils m entioned above, i.e. clayey soils, dry or m oist cohesionless soils or extremely 
dense cohesionless soils (Chugh, 1982; Daddazio et al., 1987).
O ne o f  the sim ple ways o f  taking seismic effects into account is to carry out 
a limit equilibrium  analysis where the forces induced by the earthquake 
accelerations are treated as a horizontal force (Cao and Zam an, 1999). In reality 
vertical forces m ay also be caused by an earthquake, however, these were not 
considered in above-m entioned limit equilibrium analyses (Ishihara, 1985).
The earliest mention o f  pseudo static analysis, as reported by Seed (1979), 
appears to be made by Terzaghi (1950) who applied a horizontal force to the soil 
above the slip circle. The m agnitude o f  the horizontal force is taken as being equal 
to the w eight o f  the soil fV m ultiplied by a seismic coefficient k  (i.e. kPF = kmg). As 
can be seen, the acceleration acting on the mass m o f  the soil is kg. So, the seismic 
coefficient k  is really a m easure o f  the acceleration o f  the earthquake in term s o f  the 
acceleration due to gravity g.
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The method o f  slices m ay be used to assess the stability o f  a slope subjected 
to earthquake loading. Sarm a (1973, 1979) presented a m ethod w here earthquake- 
induced forces were accounted for by applying a horizontal force klVi to the slice 
w here IF, is the weight o f  a typical slice /. The critical horizontal acceleration (or 
value o f  k) required to bring the soil above the slip surface into a state o f  limiting 
equilibrium  is com puted and this critical acceleration may then be used as an index 
o f  stability.
.Analysis o f  slopes that are com posed o f  purely cohesive soils (i.e. ^  = 0 ) 
whose cohesion varies linearly with depth was carried out by Koppula (1984a, 
1984b) using the seismic coefficient approach. Hadj-Hamou and Kavazanjian 
(1985) obtained an expression for the factor o f  safety o f  a gentle infinite slope where 
the failure plane and the acceleration due to the earthquake were assumed parallel to 
the slope surface.
The seismic coefficient is an empirical value that depends upon the 
accelerations caused by the earthquake. Terzaghi (1950) suggested that the values o f  
k  should vary from 0.1 for severe earthquakes to 0.5 for catastrophic earthquakes. 
The usual range o f  values for k  that are employed in the U nited States is from 0.05 
to 0.15, and in Japan characteristically less than 0.2 (Brunsden and Prior, 1984; 
Huang and Yamasaki, 1993). However, as Seed (1966) pointed out, these values 
seem ed to be chosen em pirically and still in use as many dam s designed in this way 
have withstood earthquakes.
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3.3 Planar Failure Surface
Failure surfaces in homogeneous or layered non-homogeneous sandy slopes are 
essentially planar (Skempton, 1964). Planar slides may happen in slopes with 
perm eable soils such as sandy soil and gravel or some permeable soils, with lim ited 
cohesion, w hose shear strength is principally provided by friction. For cohesionless 
sandy soils, the planar failure surface may happen in slopes where strong planar 
discontinuities develop, for example in the soil beneath the ground surface in natural 
hillsides or in man-m ade cuttings (Liu. 1990).
3.3.1 Proposed Semi-Analytical Solution for Sandy Slope 
A planar-failure slope is shown in Figure 3-1. As can be seen, the failure plane is 
taken below the ground surface that is inclined at an angle a  to the horizontal.
X
Figure 3-1 T \p ica l Section for Planar Failure Surface (Cao and Zaman. 1999)
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Earthquake effects are approxim ated by including a horizontal acceleration 
khg which produces a horizontal force h  W  and a vertical acceleration k^g which 
produces a vertical force acting through the centroid o f  the slide body. From an 
equilibrium  consideration o f  the slide body A B C  by a vertical resolution o f  forces, 
the vertical force across the base o f  the slide body must equal the weight W. For a 
slice o f  unit thickness, the resolved forces o f  normal and tangential components N  
and T  can be written as:
N  = IV[{\ + k^ . )cos a  -  k,, sin or] (3-1 )
T  = 1F[(1 + k^ )sinof -  k,, c o sa ]  (3-2)
w here a  is the inclination o f  the failure surface and PFis given by:
IF = ( c o l a - c o t / ? )  (3-3)
w here y  is the unit weight o f  soil, H  the height o f  the slope, L ^ H c o i p .  
/ = / / c o lo r , and /? the inclination o f  the slope.
Since the length o f  the slip surface AB is / / / s i n o r ,  the resisting force 
produced by cohesion is c H / s i n o r . The friction force produced by N  is 
(F[(1+ /: ) c o s o r s i n o r j t a n ^ . The total resisting or anti-sliding force is thus 
given by:
R = fF[(l +/:^.)cosor - s inor j t an^ + — - (3-4)
sin a
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For stability, the downs lope slide force T  must not exceed the resisting force 
#  o f  the body. The factor o f  safety, F , , o f  the slope can be defined in terms o f  
effective force by ratio R/T, that is:
T  k , + { \ + k J t a n a
+
7 ^ [ 0  + ^ Js in o f + kf, cosar]sin(y9 -  or)
It can be observed from Equation (3-5) that F, is a function o f  a  . To find 
the m inim um  value o f  F , , we need to satisfy:
— -  = 0 (3-6)
d a
w hich leads to:
W / ?  -  2 a ) -  sinCg -  2 ° )  ^ jg . (1 „ J a n  ^  ,  0 (3-7)
sm '( /? -a )  2c
3.3.2 Minimization of F,
By trial and error, we can get from Equation (3-7) the value o f  a  by which the 
m inim um  F, can then be determined. However, the m inimum value obtained by trial 
and error needs some a priori  knowledge. Also, it is not as accurate as the value 
obtained by the optim ization technique. The minim um  value o f  F^ can be found 
directly from Equation (3-5) using Powell’s m inim ization technique (Liu et al., 
1988). Das (1994) reported a sim ilar expression for F , , developed by assuming that
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Fj = , where is the average shear strength o f  the soil, and the average
shear stress developed along the potential failure surface.
For cohesionless soils, the effective cohesion is often ignored, o r assumed to 
be zero ( c = 0 ), in which case Equation (3 -5 ) simplifies to:
+(l + A:Jtana
As can be observed from Equation (3-8), the m inim um  value o f  F, occurs 
when a  = P , and the failure becomes independent o f  slope height. For such cases 
(i.e., c- = 0 ), the factors o f  safety obtained from the proposed m ethod and from Das 
(1994) are identical without seismic effects (k^  = 0 ,^, = 0 ) .
3.4 Circular Failure Surface
For many slope failures, the observation that the surfaces along w hich sliding took 
place were not planar but curved (Skem pton and C older, 1948; Brunsden and Prior. 
1984; Liu. 1990), led to the idea o f  using cuiwed failure surfaces for the analysis o f  
slope stability. Although the actual surface o f  rupture is in most cases bowl shaped 
( i f  w e consider three dim ensions), the representation o f  the failure surface as a single 
curve (in two dimensions) greatly simplifies the analysis.
Slides in m edium -stiff clays are often deep-seated, and failure takes place 
along curved surfaces that can be closely approxim ated in two dim ensions by 
circular surfaces (Skempton and Colder, 1948; Brunsden and Prior, 1984; Liu, 
1990). Early solutions for circular surfaces were obtained by Fellenius (1927) who
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used a m ethod o f  slices, and Taylor (1937, 1948) who used a friction circle method 
to produce charts o f  “Stability Num bers” to determ ine factors o f  safety against slope 
failure.
M ost m odem  circular slip circle methods make use o f  the method o f  slices, 
and the m ajor differences between these methods involve the way in which the 
unknown quantities in the analysis are dealt with. In the Fellenius method 
(Fellenius, 1927), it is assumed that the interslice forces are equal and opposite for 
each slice and so they cancel out. Bishop (1955) presented a method in w hich the 
interslice forces were taken into account in the analysis. For a mathematically 
consistent static solution, equilibrium o f forces and m om ents must exist for each 
slice as well as for all o f  the slices together.
B ishop’s rigorous formulation contains too many unknowns. Hence it is 
difficult to find a direct solution. Having to make assum ptions about the interslice 
forces, makes the solution process more complex. Therefore, the B ishop’s equation, 
w hich is used by many engineers, is the simplified version for which it is assumed 
that the difference in the interslice forces for any slice is zero. This type o f  analysis 
is accurate for m ost practical purposes and widely used for slope stability analysis.
It should be noted that the simplified Bishop and Fellenius methods o f  slices 
satisfy force equilibrium  in one direction and overall m om ent equilibrium. Also, 
note that the m ethods that satisfy moment equilibrium give a factor o f  safety that is 
relatively independent o f  the assum ption regarding the interslice forces.
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3.4.1 Proposed Semi-analytical Solutions for Clayey Slope
Figure 3-2 shows a potential circular slip surface A B  w ith center O  and radius r. 
W hen the soil above AB  is ju st on the point o f  sliding, the average shearing 
resistance which is required along A B  for lim iting equilibriiun is given by 
T, = c ' + (T 'ta n ^ '.  The sliding mass is divided into vertical slices, and a typical
slice DEFG  is shown. The self-weight o f  the slice is d W  = yhdx .
M i
N
R
a
Figure 3 -2  T \p ical Section for Toe Failure Slope (Cao and Zaman, 1999)
The first step in the analysis is to evaluate the sliding or disturbing moment 
A/s about the center o f  the circle O. It is assum ed that the resultant forces X\ and
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on D E  and FG, respectively, are equal and opposite, and parallel to the base o f  the 
slice EF. Earthquake effects are approxim ated by including a horizontal acceleration 
k i^  that produces a horizontal force kh W  and a vertical acceleration kvg that produces 
a vertical force kvW  acting through the centroid o f  the body. It is realized that these 
assum ptions are necessary to keep the analytical solution o f  the slope stability 
problem  addressed in this study achievable. However, analytical solutions have a 
special usefulness in engineering practice, particularly in terms o f  obtaining 
approxim ate solutions. More rigorous methods, e.g., finite element technique, can 
then be used to pursue a detail solution.
Since X\ and Xr are internal forces, 2KYi - X^) m ust be zero for the whole 
section. Resolving forces perpendicular and parallel to EF, we get:
T  = ^£/Lx(1 + Â: J s in  a  + k^yiuLxcosa (3-9)
iV = yiuLx{\ + k^ . )cos a -  k^yiuLx sin a (3-10)
where.
or = arcsin — —  (3-11)
/• = V u " + 6 " (3-12)
The force N  produces a m axim um  shearing resistance when failure occurs 
according to M ohr-Coulomb failure criterion, which can be expressed in the 
following form:
R = cdLrsecar + >^dlr[(l +  A :^ .)cosa-A ;,sinar]tan^ (3-13)
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The slip body, ABC, is defined by lines AC, CB, and AB. The equations o f  
lines AC, CB, and AB are given h y y i , y 2, an d >'3 , respectively, that is;
V, = .r ta n /?  (3-14)
y , = h  (3-15)
V3  = 6  -  (3-16)
The sums o f  the disturbing and resisting moments for all slices about the 
center o f  the circle 0(a, h) can be written in an integral form as follows:
I
T /, = |r ^ i [ ( l  + it^.)sina -  A';, cosa]tiv
0
L
= -  V, X(l + A'v )sin  a  -  A\ cos a\Lx
(3-17)
+ jr/C v ’: -  y 3 + ^ J s i n a  -  cosajfAx:
L
= ry[(l + A j / ,
Likewise, the sums o f  the resisting m om ents for all slices about the center o f  the slip 
circle can be written as in the form below:
iV/r = {csecor + //:[(l +  )c o s a  -  sinar]tan^}dLr
0
I L
= r  jc  sec adx  + -  y , )[(l + k^ . )cos a  -  sin a  ]tan
0 0 (3-18)
/
+ | r v ( i -  V3  X(l + k^ . )co sa  - k^ s in a ] ta n ^Lx
L
= rc\i/ + ]^  + k^.)l^-kj^\yiax\((f
where.
50
L = Hcot/3
I = a + -^r' -  { b -
. (l — a)  . a
I}/ = arcsin  ------   + arcsm —
r r
I^ - > ’ 3 )cosoaLv+ - > ’3 ) 0 0 5  osfir
0 L
^ a - a ÿ \ l r ' - - { L-a f
6r r
" a :  6 : ^ H-----
2 3
+ — {a tan /? -  / /  ) arcsin
L - a ]  r
+ — (a tan -  6 )arcsin —
- - / / ) arcsin^ -— -  + ^ \ 4 r ' l - a b '  + { l ~ a ) [ H - a ) '  |
(3- 19)
(3-20)
(3-21)
(3-22)
/ ,  = J(v, - V 3 ) s in o ïir+  J(y, -  >’3 )s in m ir
2r
{acot/3 + b ) - ^ H sec’
(3-23)
To satisfy the m om ent equilibrium  and the slope stability, the available 
resisting mom ent m ust be larger than or equal to the disturbing mom ent. Thus, the 
factor o f  safety for the case o f  Toe Failure is expressed as the ratio o f  the maximum 
available resisting m om ent to the disturbing moment, that is:
P  _ A /. _  y ta n ^ O  + A:,)/,
(3-24)
From Equations (3-9) through (3-23), it can be ob ser\ed  that the factor o f  
safety Fj is a function o f  two unknown variables, a and b, which is also the center o f
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the circular slip surface. The m inim um  value o f  F, can be found by solving the 
following equations:
ÔF.
da
^  = 0
ÔF.
(3-25)
db
^ = 0
which is part o f  the m inimization techniques to be discussed in the following section 
(3.4.2).
y f  0 ( a . b )
Figure 3-3 Typical Section for Face Failure Slope (Cao and Zaman, 1999)
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W hen the slope inclination exceeds 54*’. all failures em erge at the toe o f  the 
slope (Brunsden and Prior, 1984; Liu, 1990), and therefore it is called Toe Failure 
(Figure 3-2). However, when the slope height H  is relatively large compared with 
the undrained shear strength or when a hard stratum is under the top o f  a clayey 
slope with (f> < 30°. the slide often emerges from the face o f  the slope (Brunsden 
and Prior. 1984). and hence it is called Face Failure, as shown in Figure 3-3. For 
Face Failure, the factor o f  safety F  is the same as that o f  Toe Failure using {H-ho) 
instead o f  H.
l A
/  r r / rr/
Figure 3-4 Typical Section for Base Failure Slope (Cao and Zaman, 1999)
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For flatter slopes, failure is deep-seated and extends to the hard stratum 
form ing the base o f  the clay layer, which is called Base Failure, as shown in Figure 
3-4. By following the same procediu’e as that for Toe Failure, the factor o f  safety for 
Base Failure can be obtained from the following equation:
P  _ ct(/y + ytanf)[(l + ) l [  -  l \  ] (3-26)
where y/ is given by Equation (3-21 ), and / '  and / '  are given by:
/' = j(y„ -  V3 )sin Û5CÙ-+ J( v, -  v, )s in o rir  + |(_v, -  y. )sino r/r
= — cot- /3 + - { l - 1 ,  \ l  2a)+ — (3b- -  3hH  + H '  )
1 2 r  2 r  ' 2 r  3 ^
H bl H
(3-27)
‘0 *1 I
/ '  = J 0 '„ -  vJcosor/Lv + |(v ,  -  y  y)cos cube ^  J(>% -  y  y)cos adx
= J r ' b f - c o t ' + ^ ( b - b f j a r c s i n ^ ^  ^
V r
( , „ H \  . ( H z o i p \  rb . ( a ^+ r^a  tan /? -  — Jarcsm |^— -— — j  -  -^arcsin |^  —
+ -g—[ i r ' /  — ab~ + (/ — a ^ H  —a) ' ]
(3-28)
where.
Vo =  0 (3-29)
}\ = .rtan /?
> ’2
= b — ^Jr' — (.v-a)*
(3-30)
(3-31)
(3-32)
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/o = a - | / / c o t / ?  (3-33)
/, = 0  + 1 / / co t/?  (3-34)
l = a + y l r - - { b - H f  (3-35)
It can be observed from Equations (3-26) through (3-35) that the factor o f  
safety F , for a given slope is a function o f  the unknown variables a and b. Thus, the 
m inim um  value o f  F, can be found using the Pow ell’s m inim ization technique (Liu 
et al., 1988; Press et al., 1995), as discussed below.
3.4.2 Minimization of F,
For a given single function /w h ic h  depends on two independent variables, such as 
the problem under consideration here, m inimization techniques are needed to find 
the value o f  these variables w here/ takes on a minimum value, and then to calculate 
the corresponding value o f f .  If one starts at a point P  in an «-dim ensional space, and 
proceed from there in some vector direction /i, then any function o f  N  variables f(P )  
can be m inim ized along the line n by one-dim ensional methods. Different methods 
will differ only by how, at each stage, they choose the next direction n. Powell first 
defined a direction set method that produces N  m utually conjugate directions (Press 
et al., 1995). Unfortunately, a problem o f linear dependence was observed in 
Powell's algorithm . The modified Pow ell’s method avoids a  buildup o f  linear 
dependence (Press et al., 1995).
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The ciosed-form slope stability Equation (3-26) allows the application o f  an 
optim ization technique to locate the center o f  the sliding circle {a, b). The minim um  
factor o f  safety F, is then obtained by substituting the values o f  these param eters
into Equations (3-27) through (3-35) and the results into Equation (3-26), for a Base 
Failure problem (Figure 3-4). W hile using the modified Powell’s method, the key is 
to specify some initial values o f  a  and b. W ell-assum ed initial values o f  a  and b can 
result in a rapid convergence. If the values o f  a and b are given inappropriately, it 
may result in a delayed convergence or may not produce a convergent solution. 
Generally, a should be assumed within ± L , while b should be equal to o r greater 
than H  (Figure 3-4). Similarly, Equation (3-24) could be used to com pute the 
m inim um  F, for Toe Failure (Figure 3-2) and Face Failure (Figure 3-3), except (//-  
lU)) is used instead o f  H  in the case o f  Face Failure.
In addition to the m odified Pow ell’s m ethod, other available m inim ization 
methods were also tried in this study such as downhill simplex method, conjugate 
gradient methods, and variable metric methods (Liu et al., 1988; Press et al., 1995). 
These methods need more rigorous or closer initial values o f  a and b to the target 
values than the modified Pow ell’s m ethod.
A com puter program has been developed using the modified Powell’s 
m ethod to locate the center o f  the sliding circle (a, b) and to find the m inim um  value 
o f  Fj based on the proposed solution for each case (Toe Failure, Face Failure, Base 
Failure). There are no clear boundaries am ong the three types o f  failures, which
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represent three possibilities. For a particular case, all the three failure types might be 
checked to see w hich type o f  failure yields the lowest Fs. The program  helps make 
the semi-analytical approach straightforward and simple for slope stability analysis. 
The reason the proposed approach is called as semi-analytical m ethod is due to the 
m inim ization technique involved in the process o f  finding the m inim um  value o f  
F , , although a closed-form  solution o f  the factor o f  safety has been developed.
3.5 Results and Comments
The validity o f  the proposed semi-analytical method was evaluated using two well- 
established m ethods o f  slope stability analysis: the finite elem ent m ethod (FEM) 
(Huang and Yamasaki, 1993) and the Bishop (1952) m ethod. The cases were chosen 
from homogeneous dry soil slopes, without seismic effects initially and then with 
seismic effects. The slopes are about S m high with unit w eight o f  soils about 18.5 
k N /m \  The slope configurations range from 26.7" to 45°. Cohesions o f  soils range 
from 5 kPa  to 30 kPa  and friction angles range from 70° to 20°. The results obtained 
by the proposed semi-analytical method are found to be in good agreement, as 
shown in Table 3 -1 , w ith those determined by the FEM model (Huang and 
Yamasaki, 1993) as well as by the Bishop method.
For the 23 slopes analyzed (Table 3-1), statistical analyses show  that the 
factors o f  safety obtained from the proposed semi-analytical m ethod are closer to the 
values obtained from the FEM models (Huang and Yamasaki, 1993) than those by 
the Bishop m ethod. The average differences between the FEM  and the proposed
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semi-analytical m ethod are small (5% with a standard deviation o f  4%). The average 
difference between the proposed method and the Bishop method is 6 % with a 
standard deviation o f  3%. The proposed semi-analytical method yields 2 larger and 6  
sm aller factors o f  safety than both the FEM models and the Bishop method, while 
15 out o f  23 (about 65% ) results from the proposed method are between the results 
obtained from the FEM model and the Bishop method. Basically, the Bishop method 
yields the lower bound (i.e., sm aller stability values) am ong the three methods.
Table 3-1 Com parison o fF s by Different M ethods (w ithout Seismic Effects)
No. P c 4) FEM Bishop Semi-analy.
(deg.) (kPa) (deg.) (1993) (1952) (proposed)
1 (119) 45 25.00 20.00 1.87 1.74 1.81
2 (37) 45 20.00 20.00 1.68 1.50 1.60
3 (23) 45 15.00 20.00 1.46 1.29 1.39
4 45 10.00 20.00 1.00 1.05 1.17
5 (109) 45 30.00 15.00 1.85 1.75 1.81
6 (86) 45 25.00 15.00 1.65 1.53 1.60
7 (36) 45 20.00 15.00 1.45 1.32 1.40
8 45 15.00 15.00 1.24 1.11 1.19
9 45 10.00 15.00 1.00 0.89 0.98
10 (44) 45 25.00 10.00 1.42 1.35 1.40
11 (46) 45 20.00 10.00 1.23 1.15 1.20
12 45 15.00 10.00 1.00 0.97 1.00
13 (18) 26.7 20.00 20.00 2.05 2.09 2.01
14 (55) 26.7 15.00 20.00 1.85 1.82 1.76
15 (120) 26.7 10.00 20.00 1.60 1.54 1.51
16 (54) 26.7 5.00 20.00 1.23 1.21 1.24
17 (110) 26.7 25.00 15.00 1.87 2.05 1.98
18 (63) 26.7 20.00 15.00 1.72 1.78 1.74
19 (87) 26.7 15.00 15.00 1.54 1.53 1.49
20 (94) 26.7 10.00 15.00 1.29 1.29 1.25
21 26.7 5.00 15.00 1.00 0.99 0.99
22 26.7 15.00 10.00 1.19 1.27 1.23
23 26.7 10.00 10.00 1.00 1.03 0.99
Note: The numbers in parentheses indicate the slopes that are also included in ANN
modeling.
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The proposed semi-analytical method was evaluated further by considering 
seismic effects and the results com pared with the FEM -based softw are G FA 2D  (He, 
1996) and the traditional m ethods-based software Slope2000 (Cheng, 2002), 
including data preparation time, com puting time, and interpretation o f  results. The 
GFA2D is a FEM -based global failure analysis program for 2-D  slope stability 
problem s using the M ohr-Coulomb failure criterion and four-noded quadrilateral 
elem ents. The Slope2000, as mentioned in Table 2-2, is used here for 2-D  analysis 
by the Bishop method. The slopes are chosen from case studies w ith the heights 
ranging from 10 m to 20 m. The unit weights o f  soils range from 17.3 to 20 kN/tn^. 
The inclinations vary from 22" to while cohesions range from 0 to 20 kPa  and 
friction angles range from 7" to iO". The results are summarized in Table 3-2.
Table 3 -2  Comparison o f  Fs by Different Methods (with Seism ic Effects)
No. H
(m)
P
(deg.)
V
(kN/m^ )
0
(kPa)
4»
(deg.)
K K GFA2D Slope2000 Seml-Analy. 
(FEM) (Bishop) (Proposed)
1 (124) 10.0 45.00 19.60 11.80 30.00 0.20 0.00 1.22 1.00 1.32
2(21) 11.5 27.60 17.71 9.09 20.35 0.20 0.00 1.09 1.10 1.05
3(22) 11.5 27.60 17.71 9.09 20.35 0.10 0.00 1.15 1.20 1.14
4(121) 11.5 27.60 17.71 9.09 20.35 0.05 0.00 1.21 1.25 1.23
5(122) 11.5 27.60 17.71 9.09 20.35 0.00 0.10 1.16 1.00 1.10
6 (123) 11.5 27.60 17.71 9.09 20.35 0.00 0.20 0.90 0.87 0.96
7 13.5 26.57 17.30 57.50 7.00 0.10 0.00 1.49 1.37 1.55
8 13.5 26.57 17.30 57.50 7.00 0.15 0.00 1.33 1.20 1.37
9 13.5 26.57 17.30 57.50 7.00 0.20 0.05 1.19 1.10 1.21
10(68) 13.7 26.57 18.71 0.00 14.00 0.05 0.00 1.30 1.28 1.23
11 (64) 20.0 26.57 18.71 0.00 23.50 0.51 0.10 0.95 1.03 1.00
12(117) 20.0 22.00 20.00 20.00 20.00 0.04 0.25 1.02 1.12 1.06
13(118) 20.0 22.00 20.00 20.00 20.00 0.10 0.05 0.94 0.96 1.00
14 (19) 20.0 22.00 20.00 0.00 20.00 0.04 0.00 1.05 1.00 0.98
Note: The numbers in parentheses indicate the slopes that are included in ANN modeling.
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The factors o f  safety obtained by the proposed semi-analytical method are 
found to be in general agreement, as shown in Table 3 -2 , with the values 
determ ined by the FEM model (GFA2D) and the Bishop method (Slope2000). It can 
be observed from Table 3 -2  that the results obtained from the proposed semi- 
analytical method are closer to that by the FEM (with a difference o f  5% on an 
average and a standard deviation o f  2%) than the results obtained from the Bishop 
m ethod (with an average difference o f  9% and a standard deviation o f  8 %). The 
proposed semi-analvtical m ethod generally yields reasonable results (in comparison 
with the FEM models), while the Bishop method yields relatively conservative low 
values.
For Slopes 7. S and 9 in Table 3-2, the minimum factor o f  safety F, mm is 
obtained as 2.08 for = 0  and = 0  using the proposed semi-analytical method. 
W hen A\ = 0 and k^ = 0.1 or 0.15. F, mm becomes 1.55 and 1.37; these values are 
25“o and 34% lower, respectively, than F, mm = 2.08. When A\ = 0.05 and Ah = 0.2. 
we get F, mm = 1-21. which is 42% lower than F, mm = 2.08. These results show the
earthquake effect on the slope stability to be significant.
The GF.A2D, as a general-purpose finite elem ent method, can model 
com plex conditions with a high degree o f  realism, including in the analyses such 
things as nonlinear stress-stain behavior and non-homogeneous conditions. This 
generality and flexibility, however, does not com e without its price. Each analysis 
takes a considerable am ount o f  tim e to obtain material property values, to perform
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the com puter analyses, and to evaluate and interpret the results. Although 
availability o f  powerful new microcomputers greatly reduce the com puting time, the 
tim e spent on data preparation and interpretation o f  results is still very significant. 
In the above 14 cases (Table 3-2), the GFA2D needed about 20 times the effort, on 
an average, as com pared with the proposed semi-analytical method.
The Slope2000 software greatly simplifies the analysis process o f  a slope by 
the Bishop method, especially in locating the critical slip surface. The graphical user 
interfaces for construction o f  slope geometry and for display o f  results also make it 
easy to evaluate the results. However, the Slope2000 software still needed about 5 
times the effort, on an average, than the proposed sem i-anal\lical method to reach 
the solution for each case analyzed, as presented in Table 3 -2 . due to the trial and 
error approach used in selecting different num ber o f  slices and different locations o f  
slip surfaces.
3.6 Concluding Remarks
In this chapter, a semi-analvtical method is presented for analysis o f  slope stability 
involving cohesive and non-cohesive soils. Two t>pes o f  failure surfaces are 
considered: a planar failure surface, and a circular failure surface. Earthquake effects 
are considered in an approxim ate maimer in terms o f  seismic coefficient-dependent 
forces. For circular failure surfaces, three failure conditions are considered, namely 
Toe Failure. Face Failure and Base Failure for clayey slopes resting on a hard 
stratum. The proposed method can be viewed as an extension o f  the m ethod o f
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slices, but it provides a m ore accurate treatment o f  the forces because they are 
represented in an integral form. Also, the factor o f  safety is obtained by using the 
Pow ell’s minimization technique rather than by a trial and error approach used 
commonly.
The factors o f  safety obtained from the proposed method are in good 
agreement with those determ ined by the finite element method-based approach and 
the Bishop method. The solution processes show that the proposed semi-analytical 
method is as effective as the Bishop m ethod but more straightforward and simpler. 
Also, the semi-analytical m ethod yields results that are very sim ilar to the results 
obtained from the FEM technique, but needs much less effort to obtain the solution 
for a given slope. The lim itation o f  the proposed method is that it works only for 
circular failure surfaces and carmot be used to analyze problems involving layered 
soils and pore water pressures. These aspects are further discussed in Chapter 4.
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CHAPTER 4 
PROPOSED NEURAL NETWORK MODEL FOR 
SLOPE STABILITY ANALYSIS
4.1 Introduction
In this chapter, an artificial neural network approach is outlined to predict the 
factors o f  safety o f  slopes. The solution is attem pted by em ploying a recurrent 
neural network and predicting the results using the data collected from literature as 
well as som e limited data from field case studies.
.\n  artificial neural network can acquire, store, and utilize e.xperiential 
know ledge like a physical cellular system, to some extent. Neural networks are 
com posed o f  m any simple elements usually operating in parallel (M cCullock and 
Pitts, 1943). The network computation is performed by a dense mesh o f  com puting 
nodes and connections. They operate collectively and sim ultaneously on most or all 
data and inputs (M insky, 1954, Minsky and Papert, 1969). The network function is 
determ ined largely by the connections between elements. W e can train a neural 
network to perform  a particular function by adjusting the values o f  the connections 
between elements.
The basic processing elements o f  neural networks are called artificial 
neurons, o r sim ply neurons (M cCullock and Pitts, 1943; Rosenblatt, 1958). Often 
we sim ply call them nodes. Neurons can be perceived as sum m ing and non-linear 
m apping functions. In some cases they can be considered as threshold units that get 
activated when their total input exceeds certain bias levels (Rosenblatt, 1958;
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VVidrow and Hoff, 1960). Neurons operate in parallel and are configured in regular 
architectures. They are often organized in layers, and feedforward and/or feedback 
connections both w ithin the layer and tow ard adjacent layers are allowed (Kohonen, 
1977, 1982; Hopfield, 1984). The strength o f  each connection is expressed by a 
num erical value called weight, which can be modified.
The most basic characteristic o f  a neural network is its architecture. Design 
o f  netw ork architecture includes selecting the num ber o f  layers and the num ber o f  
nodes in each layer and the interconnection schemes between layers. A variety o f  
functions can be used as the interconnection function between inputs and hidden 
layer or between hidden layer and output layer (Kohonen, 1977, 1984; M cClelland 
and Rumelhart, 1986). Neural networks differ from each other in their learning 
modes (W idrow and Hoff, 1960). There are a variety o f  learning rules that establish 
when and how the connecting weights change. Networks exhibit different speeds 
and efficiency o f  learning, thus they also differ in their ability to accurately respond 
to the values presented at the input (Amari, 1977, 1990; Anderson et al., 1977; 
Kohonen, 1982, 1988).
A neural netw ork’s ability to perform  com putations is based on the premise 
that w e can reproduce some o f  the flexibility and power o f  a human brain by 
artificial means (Von Neumann, 1958; Arbib, 1987). Advances have been made in 
applying such system s for problem s found intractable or difficult for traditional 
com putation approaches (Kohonen, 1984; Hopfield, 1984; Zurada, 1992). Neural 
network users do not specify an algorithm  to be executed by each com puting node
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(neuron). Instead, they select what in their view is the best architecture, specify the 
characteristics o f  the neurons and initial weights, and choose a training m ode for the 
network (Rumelhart et ai., 1986; Hertz et al., 1991; Dem uth and Beale, 1995, 2000). 
Appropriate inputs are then applied to the network so that it can acquire knowledge 
from the environm ent. As a result o f  such exposure, the network assimilates 
inform ation that can be later recalled by the user (Kohonen, 1988).
The field o f  neural networks has a history o f  some six decades but has found 
meaningful applications only in the past twenty years. The field is still developing 
rapidly. Today neural networks can be trained to solve problem s that are difficult for 
conventional com putational, physics-based methods (D em uth and Beale, 1995, 
2000). Neural networks are becom ing a useful tool for industry, education and 
research, a tool that helps users find what works and w hat does not, and a tool that 
helps develop and extend the field o f  neural networks (Zurada, 1992). However, the 
neural network m odeling is limited to the fact that it is based on the data available 
and extrapolation m ight not be reliable.
A pplication o f  artificial neural network to slope stability analysis is a 
relatively new topic. It has been well known that neural network can be used to 
solve both linear and especially non-linear problems. For the case o f  slope stability, 
the problem  is known to be highly non-linear and a non-linear model may be 
warranted. The non-linear model attempted in this study is a recurrent neural 
network (RNN) model. A b rief introduction to concepts o f  artificial neural systems
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such as artificial neuron model and network architectures would be helpful before 
discussing the recurrent network model developed in this study.
4.2 Artificial Neuron Model and Network Architecture
The neuron model and the architecture o f  a neural network describe how  a network 
transforms its input into an output. This transformation can be viewed as a 
com putation. The model and the architecture each place lim itations on what a 
particular neural network can com pute (Hertz et al.. 1991). The way a network 
com putes its output must be understood before training methods for the network can 
be explained.
4.2.1 Artificial Neuron Model
.A single artificial neuron with R inputs is shown in Figure 4-1 . Here the input 
vector p  is represented by the solid dark vertical bar at the left. The dimensions o f  
p  are shown below  the symbol p  in the figure as / ?x/ .  Thus, p  is a column vector 
o f  R input values. These inputs go to the row vector u . which is o f  size R.
Artificial Neuron
R=# of Inputs a=F(w*p+b)
Figure 4—1 Artificial N euron M odel (M cCullock and Pitts, 1943)
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As shown in Figure 4 -1 , the net input to the transfer function F  is n, the 
sum  o f  the bias b and the product wxp.  This sum is passed to the transfer function 
F  to get the neuron's output a. which in this case is a scalar. If  we have more than 
one neuron, the network output will be a vector. The row  vector w and the colum n 
vector p  are shown below.
h- =  [w(1,i V (1.2)...w-(1./?)] (4 -1 )
p= [p{ \)p {2 ) . . .p {R )J  (4 -2 )
.A layer o f  a network is defined in the figure shown above. A layer includes 
the com bination o f the weights, the multiplication and summing operation, the bias 
b. and the transfer function F. The input vector, p. will not be called a layer.
The transfer function F  can take different shapes depending on different 
problems. Two o f  the most com monly used functions are shown below. The linear 
transfer function, as shown in Figure 4 -2 . can be used as a linear approxim ator 
(W idrow  and Hoff. 1960; Hertz et al.. 1991).
Figure 4—2 Linear Transfer Function (W idrow  and Hoff, 1960)
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The sigm oid transfer function, as shown in Figure 4 -3 . takes the input and 
transforms the output into the range -1 to +1. This transfer function is commonly 
used in m ultiple-layer networks, in part because it is differentiable (M cClelland and 
Rumelhart, 1986; Demuth and Beale, 1995).
^  n
Figure 4 -3  Sigmoid Transfer Function (McClelland and Rumelhart. 1986)
4.2.2 Neural Netw ork Architecture
Two or more o f  the neurons shown in Figure 4-1 may be com bined into a layer, and 
a particular network m ight contain one o r more such layers.
Single-layer Network
A  single-layer network w ith R inputs and S  neurons is show n below. Here p  is an 
input vector o f  length R. w  is a matrix (S \R )  as shown below, and a  and b are 
vectors o f  length S. As defined previously, the neuron layer includes the weight 
matrix, the m ultiplication operations, the bias vector b, the sum, and the transfer 
function boxes.
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Input
I \ r
4 r *
Neuron Layer
R Sx1
\ I v_
w
SxR n F
b
a
Sx1
R=# of Inputs a=F(w*p+b)
S=# of Neurons
Figure 4 -4  Single-layer Neural Netw ork (Rosenblatt, 1958)
v r(l.lV (l. 2 )...vv(l./î) 
u'(2.l)u(2.2)...vi(2. R)
u’(5.l)vr(5.2)...vt'(5. R)
(4 -3 )
In this network, as shown in Figure 4—1. each elem ent o f  the input vector p  
is connected to each neuron input through the w eight matrix w (Equation 4 -3 ). The 
ith neuron has a summing that gathers its weighted inputs and bias to form its own 
scalar output n{i). The various n{i) taken together form an S-elem ent vector n. The 
neuron layer outputs form a colum n vector a. A single-layer network is generally 
used for sim ple problems, while a m ultiple-layer netw ork can be used to solve 
com plex problems.
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Multiple-layer Feedfom ard Network
A network can have several layers. Each layer has a  weight matrix w, a bias vector 
b. and an output vector a. The network shown below (Figure 4—5) has R inputs. SI 
neurons in the first layer, S2 neurons in the second layer, etc. It is com m on for 
different layers to have different num ber o f  neurons.
Input
I \ r "
Neuron Layer 1 Neuron Layer 2
k
81x1 ^ W2
32x81
FI
b2
31
F2
82x1 82
32
82x1
R=# of Inputs a1=F1(w1*p+b1)
S1=#Layer1 neurons
A2=F2(w2*a1+b2) 
S2=# Layer2 neurons
Figure 4 -5  M ultiple-Layer Feedforward Network (Rosenbaltt. 1958)
Note that the outputs o f  the intermediate layer are the inputs to the following 
layer. Thus, layer 2 can be analyzed as a single layer network with /? = SI inputs. 
S = S2 neurons, and a S lxS 2  w eight matrix u’= h 2 . The input to layer 2 Is 
p  = a \ .  the output is a - a 2  . N ow that all the vectors and matrices o f  layer 2 are 
identified, it can then be treated as a single layer network on its own. This approach 
can be taken with any layer o f  the network.
The layers o f  a m ultiple-layer network play different roles. A layer that 
produces the network output is called an output layer. All other layers are called 
hidden layers. The two layer networks shown above has one output layer and one
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hidden layer. M ultiple-layer networks are much more powerful than single layer 
netw orks since multiple-layer networks are able to use the com bination o f  sigmoid 
and/or linear transfer functions. If  the last layer o f  a m ultiple-layer network has 
sigm oid neurons then the outputs o f  the network are limited to a small range. If 
linear output neurons are used, the network outputs can take on any values 
(Rum elhart, 1990).
M ultiple-layer feedforward networks use the back-propagation algorithm to 
evaluate the contribution o f each particular weight to the output error. It might 
appear that the back-propagation algorithm  has made a breakthrough in the learning 
o f  layered networks. In practice, however, im plem entation o f  the algorithm may 
encounter different difficulties (Zurada, 1992; Demuth and Beale, 1995). One o f  the 
problem s is that the error m inim ization procedure m ay produce only a local 
m inim um  o f  the error function. The learning procedure would stop prem aturely if  it 
starts at wrong point; thus the trained network would be unable to produce the 
desired performance in terms o f  its acceptable term inal error. Also, the initialization 
o f  the network strongly affects the ultim ate solution. If all weights start out with 
equal w eight values, and if  the solution requires that unequal weights be developed, 
the netw ork m ay not train properly. Unless the network is disturbed by random 
factors or the random character o f  input patterns during training, the internal 
representation may continuously result in symmetric weights (Zurada, 1992). These 
problem s can be overcome by the dynam ic learning o f  the recurrent network to be 
introduced later in this section.
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Feedback Network
A  feedback netw ork is different from the networks described above in that its 
outputs are connected to its inputs. A S  neuron feedback network is shown below 
in Figure 4 -6 . The feedback network is the most general available in that it has all 
possible connections between neurons. Some o f  the weights can be constrained to 
zero to create layers within the feedback network, if  desired. By doing so. a 
m ultiple-layer netw ork o f  the kind described previously can be created.
Neuron Layer
Sx1
SxS
Sxl
3x1
S
a=F(w*a+b), S=# of Neurons
Figure 4 -6  Feedback Network (Hopfield. 1984)
Feedback networks are quite powerful because they are sequential rather 
than com binational like the networks discussed previously. The feedback 
connection from output to input makes a multiple-layer network able to learn 
dynam ically. The feedback network is com monly supplied with an initial input 
vector. After that start, the network outputs are used as inputs for each succeeding 
cycle (Hopfield, 1984).
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In multiple-layer feedback networks, it is important to be able to calculate 
the derivatives o f  any transfer functions used. Each o f the transfer functions 
m entioned above, namely sigm oid and linear, has a corresponding derivative 
function. These transfer functions are also monotonically increasing functions. That 
is, the output o f  each function increases as its input increases. Thus, the transfer 
functions have no minima, w hich w ould tend to cause error m inim a that could trap 
the netw ork as it learned. These three transfer functions are the m ost com m only 
used transfer functions for m ultiple-layer networks, but other differentiable transfer 
functions can be created and used with m ultiple-layer networks, if  desired 
(Carpenter. 1989; Dreyfus, 1990).
Recurrent Network
Recurrent networks are based on m ultiple-layer feedback networks. A recurrent 
network can be created by generalizing the W idrow -H off learning rule (W idrow  and 
Hoff, I960) to multiple-layer networks and non-linear differentiable transfer 
functions, w ith the addition o f  a feedback connection from the output o f  the hidden 
layer to its input (Parlos et al., 1994).
Figure 4 -7  shows a tw o-layer recurrent network. The feedback connection in 
the first layer o f  the recurrent netw ork makes it different from m ultiple-layer 
feedforw ard networks. The delay in this connection stores values from the previous 
tim e step, w hich can be used in the current tim e step. Thus, even i f  tw o recurrent 
networks, w ith the same weights and biases, are given identical inputs at a given 
tim e step, their outputs can be different due to different feedback states.
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Layer 1 (Recurrent) Layer 2 (Output)
R=# Inputs a1=F1(w1*(p;a1],b1) S1=# Layer 1 neurons
a2=F2(w2*a1, b2) 
S2=# Layer 2 neurons
Figure 4—7 Tw o-Layer Recurrent Network (Demuth and Beale. 1995)
M ultiple layers o f  neurons with non-linear transfer functions allow  the 
network to learn non-linear and linear relationships between input and output 
vectors (Bem asconi. 1988; Faustt. 1994). If it is desirable to constrain the outputs o f  
a network, such as between -1 and +1. then the output layer should use a sigmoid 
transfer function (D em uth and Beale. 1995). The linear output layer lets the network 
produce values outside the range -1 to +1. Therefore, the com bination o f  sigmoid 
hidden layer(s) and a linear output layer can approxim ate any flmction with a finite 
num ber o f  discontinuities with arbitrary accuracy (M itchison, 1989; Poggio and 
Girosi. 1990; Connor et al.. 1994). The only requirem ent is that the hidden layer 
m ust have enough neurons (Hopfield, 1982; Dayhoff. 1990). M ore hidden neurons 
are needed, as the function being fit increases in com plexity (Zurada. 1992; Demuth 
and Beale. 1995).
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4.3 Modeling Slope Stability' with Neural Network
A tw o-layer feedforward network m odel was initially developed in this study for 
slope stability analysis. Unfortunately, the predicted results by this model were 
rather irrational perhaps because a  feedforw ard-type training could be easily trapped 
in local m inim um  in this situation (Riunelhart. 1990; Demuth and Beale, 1995). The 
recurrent neural network (RNN) was then adopted since its dynam ic training can 
overcom e the local minimiun difficulties and reach global minimum. The proposed 
slope stability analysis model is based on the tw o-layer recurrent network, as 
discussed in the following.
4.3.1 Proposed RNN Model
The proposed RNN model is a black box model rather than the semi-analytical 
model, as developed in Chapter 3. The architecture o f  the proposed RNN model is 
shown diagram m atically in Figure 4 -8 .
Input
I \
P
“I C T
Recurrent Layer
■> W1
S
bi
“STxT 'S T
Output Layer
R=# innuts a1 =Tansig(w1 *[p;a1 ],b1 )
R=# inputs S I =# of hidden neurons
a2=Llnear(w2*a1, b2) 
S2=# of outputs
Figure 4 -8  Proposed RNN M odel for Slope Stability A nalysis
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The number o f  input is specific for the proposed model and can be identified 
based on the data collected from  slope stability analyses, whereas the num ber o f  
neurons in the hidden layer can be determined in the process o f  initializing the 
network. The num ber o f  neurons in the output layer depends on w hether the factor 
o f  safety or the slip surface is chosen as the target.
In the proposed tw o-layer recurrent network model (Figure 4 -8 ). the tan- 
sigm oid transfer function is used in the hidden layer. A single neuron is used in the 
output layer to predict the factor o f  safety. Fj. since it is usually the only target for 
m ost o f  the slope stability analyses available. .And three neurons are used in the 
output layer to predict the slip surface including the coordinates o f  slip center (a. b) 
and the radius (r). Because the factors o f  safety o f  slopes are usually in the range o f 
say less than one to 2 or 3 (they are not negative for sure), the linear transfer 
function is used in the output layer.
kh, kv
Water level
Firm base
Figure 4 -9  A Typical Slope for the Proposed RNN M odel
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Determ ination o f  the input param eters (32) for the proposed recurrent 
network model is a difficult task, and is also limited to the data that are collected in 
this study prim arily from the slope stability literature. O nly a limited num ber o f  
field case studies could be identified in the literature, having relevance to the 
proposed RNN model. The rule o f  thumb is to choose all the param eters that could 
possibly contribute to the failure o f  a slope. The param eters selected, as shown in 
Figure 4 -10 , include the height o f  slope (//) , the inclination o f  slope (/?), the height 
o f  w ater level (//„  ), the height o f  tension cracks at crest o f  slope (//,). the depth o f  
firm base (//*), horizontal and vertical seismic coefficients {kh, K),  the unit weight o f  
soil {y„ i= l to 5), the cohesion o f  soil (c„ /= /  to 5), the friction angle o f  soil (^ , i=I  
to 5), the thickness o f  each layer (//„ i=I to 5), and the pore pressure ratio (ru„ i=l  to 
5) where is defined as the ratio o f  the pore pressure u to the overburden pressure
X' • for a given layer (i.e.. = u / ). For simplicity, five soil layers ( /= /  to 5) are
assum ed, as shown in Figure 4 -9 . for a typical layered slope. Thus, for a 
homogeneous slope, the soil properties (y ,  c„ would be the same for each layer. 
Totally, 32 input parameters are used for the proposed RNN model. With the wide 
range o f  factors, the training data are well represented for the proposed model.
.\f te r  determ ining the architecture o f  the proposed m odel, w e can then train 
it using the data collected. Since the proposed recurrent network slope model is 
solely based on the slope data, a b rief review o f  the slope data is given before 
initializing the network.
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4.3.2 Slope Data for Constructing the Model
As noted previously, the data used for constructing the model are from the slope 
stability literature, with some data from field case studies where failure records o f  
slopes and/or laboratory test results are available. Data for a total o f  124 slopes w ere 
collected, as shown in Table 4 -1 , with the principal param eters o f  each slope listed. 
W hile some slopes are homogeneous (Slopes 1. 2, etc.), others are layered (Slopes 
8. 24, 25. 43, 62, 83. 84, 93, 107, 113). The soil properties (y, c. ^  listed in Table 4 -  
1 are the weighted average values for layered slopes. The properties o f  each layer 
are presented in .A.ppendix. The layers o f  the slopes range from I to 5.
The slopes typically com posed o f  sandy and clayey soils, including clayey 
sand, sandy clay, silty clay and clayey silt. The slope heights range from 4 to 67.8 
m. The inclinations range from 11° to 71.6°. The unit weights o f  soils range from 9 
to 22.8 kN /m '. cohesions from 0 to 67 kPa and friction angles from 0° to 37.5°. 
.Approximately, the pore pressure ratio (r„ listed in Table 4 -1 ) representing steady- 
state scenario is calculated at the center o f  each layer where it is applicable. The 
values o f  range from 0 to 1. The factors o f  safety available from FEM analyses 
are listed in Table 4 -1 . It is known that FEM m odels can adequately represent field 
conditions in m ost cases. Also, the factors o f  safety available from the Bishop 
m ethod are listed since the Bishop method can give fairly accurate results for m ost 
cases where this method is applicable. These analysis results are needed to train and 
evaluate the proposed RNN model.
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Table 4-1 Slopes for Developing the Proposed RNN Model
Slope
(#)
Height
(m)
Layers Inclination 
(#) (deg)
Unit Wt
(kN/m^ )
Cohesion
(kPa)
Friction
(deg) (ratio)
kh kv FEM Bishop
(1952)
1 10.00 1 33.69 20.00 10.00 20.00 0 0 0 1.14 1.32
2 15.20 1 71.60 18.00 20.00 20.00 0 0 0 1.00 0.94
3 50.00 1 21.80 11.00 15.00 21.00 0 0 0 1.13 0.97
4 10.00 1 26.57 19.61 31.70 13.00 0.9 0 0 1.44 1.61
5 10.50 1 26.57 20.27 31.70 13.00 0 0 0 1.82 1.64
6 5.00 1 20.00 20.00 40.00 30.00 0 0 0 1.56 1.35
7* 8.05 1 26.57 18.50 15.00 10.00 0 0 0 1.19 1.27
8 23.75 2 29.20 17.15 0.00 35.00 0 0 0 0.92 1.06
9 10.00 1 30.00 18.00 25.00 10.00 0 0 0 1.54 1.55
10 6.00 1 33.69 19.80 4.00 32.00 0 0 0 1.40
11 44.20 1 19.98 22.76 16.76 37.50 0 0 0 1.18
12 20.00 1 33.69 19.65 4.31 32.00 0 0 0 1.00 1.31
13 6.20 1 16.72 18.80 0.00 20.00 0.3 0 0 0.75
14 7.20 1 19.98 18.80 1.00 20.00 0.24 0 0 0.80
15 7.00 1 18.43 18.80 1.00 20.00 0.28 0 0 0.77
16* 7.80 1 44.50 18.60 10.20 20.00 0 0 0 1.00 1.05
17 12.20 1 17.10 18.80 1.50 20.00 0.32 0 0 0.98
18 8.00 1 26.57 18.50 20.00 20.00 0 0 0 2.05 2.09
19 20.00 1 22.00 20.00 0.00 20.00 0 0.035 0 1.00
20 20.00 1 22.00 20.00 0.00 20.00 0.5 0.035 0 0.90
21 11.50 1 27.60 17.71 9.09 20.35 0 0.2 0 1.09 1.10
22 11.50 1 27.60 17.71 9.09 20.35 0 0.1 0 1.15 1.20
23 8.00 1 45.00 18.50 15.00 20.00 0 0 0 1.46 1.29
24* 8.00 2 45.00 18.45 15.06 10.10 0.14 0 0 1.00 0.97
25* 7.62 5 26.57 17.61 7.66 26.00 0.2 0 0 1.16 1.13
26 32.80 1 18.16 17.00 12.00 16.30 1 0 0 0.94 0.86
27 20.40 1 22.00 20.00 20.00 20.00 1 0.035 0 1.12
28 20.40 1 22.00 20.00 20.00 20.00 1 0.1 0 0.96
29 44.20 1 19.98 22.80 16.80 37.50 0.6 0 0 1.00
30 44.20 1 19.98 22.80 16.80 37.50 0.55 0 0 1.12
31 4.90 1 18.43 18.80 1.20 20.00 0.27 0 0 1.10
32 20.00 1 33.69 18.80 41.70 15.00 0 0 0 1.68
33 15.20 1 63.40 18.00 20.00 20.00 0 0 0 1.00
34 46.00 1 41.01 9.00 25.00 20.00 0 0 0 1.03 0.99
35* 45.50 1 41.01 12.00 23.00 25.00 0 0 0 1.08 1.03
36 8.00 1 45.00 18.50 20.00 15.00 0 0 0 1.45 1.32
37 8.00 1 45.00 18.50 20.00 20.00 0 0 0 1.68 1.50
38* 30.00 1 20.56 19.61 14.71 20.00 0 0 0 1.75 1.52
39* 32.80 1 18.16 17.00 12.00 16.30 0 0 0 1.08 1.11
40 17.00 1 33.69 18.80 1.00 20.00 0.43 0 0 0.97
41 6.10 1 33.69 19.62 4.31 32.00 0 0 0 1.54 1.47
42 10.00 1 26.57 16.00 10.00 15.00 0 0 0 0.93
43* 9.10 3 26.60 18.31 5.16 15.12 0.1 0 0 1.00 0.99
44 8.00 1 45.00 18.50 25.00 10.00 0 0 0 1.42 1.35
45 17.68 1 26.57 19.65 10.06 27.00 0 0 0 0.86 0.79
79
Table 4-1 Continued
Slope
(#)
Height
(m)
Layers Inclination 
{#) (deg)
Unit Wt 
(kN/m^ )
Cohesion
(kPa)
Friction
(deg)
Tu
(ratio)
kh kv FEM Bishop
(1952)
46* 8.56 1 44.50 18.50 20.00 10.00 0 0 0 1.23 1.15
47 44.00 1 19.98 22.80 16.80 37.50 0.4 0 0 1.50
48 13.50 1 26.57 17.30 57.50 7.00 0 0 0 2.11 2.08
49 6.10 1 33.69 19.65 4.31 32.00 0 0 0 1.11 1.19
50 6.00 1 23.96 18.80 1.00 20.00 0 0 0 0.93
51 7.00 1 26.57 18.80 1.00 20.00 0.1 0 0 0.81
52 10.00 1 26.57 18.93 11.97 32.00 0 0 0 1.22 1.05
53* 10.00 1 33.69 17.66 7.85 25.00 0.25 0 0 1.05 1.07
54 8.00 1 26.57 18.50 5.00 20.00 0 0 0 1.23 1.21
55 8.00 1 26.57 18.50 15.00 20.00 0 0 0 1.85 1.82
56 10.40 1 15.24 18.80 0.00 20.00 0.33 0 0 0.97
57 5.10 1 25.25 18.05 5.75 18.00 0.64 0 0 0.62
58 4.00 1 20.00 17.95 5.00 15.00 0 0 0 0.89 0.78
59 20.00 1 20.00 19.72 30.00 30.00 0.5 0 0 1.25 1.54
60 4.50 1 20.00 15.92 2.16 17.33 0 0 0 0.88 0.93
61 12.19 1 33.69 19.24 22.80 35.00 0 0 0 1.78 1.62
62* 9.50 2 25.50 18.61 10.42 10.14 0.31 0 0 1.00 1.03
63 8.00 1 26.57 18.50 20.00 15.00 0 0 0 1.72 1.78
64 20.00 1 26.57 18.71 0.00 23.50 0 0.51 0.1 1.03
65 21.50 1 24.13 17.40 5.00 10.00 0 0 0 1.23
66 44.20 1 20.00 22.00 16.80 37.50 0.5 0 0 1.25
67 44.20 1 20.00 22.00 16.80 37.50 0.45 0 0 1.37
68 13.70 1 26.57 18.71 0.00 14.00 0 0.05 0 1.28
69* 8.20 1 45.00 18.50 15.00 15.00 0 0 0 1.24 1.11
70 44.10 1 19.98 22.80 16.50 37.50 0.3 0 0 0.68
71 44.10 1 19.98 22.80 16.50 37.50 0.2 0 0 0.70
72 12.19 1 27.15 18.87 0.00 33.00 0 0 0 1.20
73 12.19 1 27.15 18.87 67.00 0.00 0 0 0 2.13 2.15
74 12.19 1 27.15 18.87 28.70 20.00 0 0 0 1.76 1.35
75* 8.45 1 45.00 18.50 10.00 15.00 0 0 0 1.00 0.89
76 21.50 1 24.13 17.40 0.00 14.00 0 0 0 0.92
77 21.50 1 24.13 17.40 0.00 17.20 0 0 0 1.06 0.64
78* 46.00 1 38.66 14.00 20.00 26.30 0 0 0 1.19 1.14
79 22.70 1 16.27 18.20 0.00 14.10 0 0 0 1.19
80 22.70 1 16.27 18.20 0.00 17.20 0 0 0 1.00 0.87
81 15.50 1 15.01 18.00 5.00 10.00 0 0 0 1.05
82 15.50 1 15.01 18.00 0.00 14.00 0 0 0 1.11 1.17
83 15.00 3 12.99 20.00 45.00 0.00 0 0 0 1.39 1.31
84 15.00 3 12.99 20.00 21.00 17.00 1 0 0 1.05
85 25.00 1 22.00 18.80 30.00 20.00 0.25 0 0 1.36
86 8.00 1 45.00 18.50 25.00 15.00 0 0 0 1.65 1.53
87* 8.00 1 26.50 18.50 15.00 15.00 0 0 0 1.54 1.53
88 10.06 1 21.80 18.44 0.96 24.50 0 0 0 1.06 1.00
89 10.06 1 21.80 18.44 0.72 25.60 0 0 0 1.00 0.83
90 6.00 1 33.69 19.65 1.50 30.00 0 0 0 0.79
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Table 4-1 Continued
Slope Height Layers Inclination Unit Wt Cohesion Friction Tu K kv FEM Bishop
(#) (m) (#) (deg) (kN/m^) (kPa) (deg) (ratio) (1952)
91 12.80 1 27.76 21.85 8.62 32.00 0 0 0 1.03
92* 27.43 1 26.40 17.29 44.54 12.00 0 0 0 1.52 1.45
93 14.33 36.53 20.47 51.39 0.00 0 0 0 1.65 1.64
94 8.00 1 26.57 18.50 10.00 15.00 0 0 0 1.29 1.29
95 10.00 1 39.81 20.36 0.98 32.50 0.7 0 0 1.11 1.01
96 18.00 1 26.57 19.50 9.81 27.00 0 0 0 1.02 1.07
97 12.80 1 28.50 21.55 8.62 30.00 0 0 0 0.92 1.05
98 10.06 1 21.80 18.01 15.33 20.00 0 0 0 0.73
99 10.06 1 21.80 18.84 0.00 20.00 0 0 0 1.43
100 7.01 1 18.43 21.29 0.00 20.00 0 0 0 1.05
101 7.01 1 18.43 19.79 0.96 13.00 0 0 0 1.03 1.00
102 18.29 1 11.00 22.32 15.33 21.00 0 0 0 1.00 1.28
103 12.10 1 24.38 16.10 25.00 20.00 0 0 0 1.18 1.00
104 30.00 1 30.00 21.00 22.11 18.29 0 0 0 1.22 0.86
105 5.00 1 33.69 19.60 2.56 27.60 0 0 0 1.06 0.98
106 67.80 1 29.05 19.00 33.00 29.50 0 0 0 1.01 1.21
107 67.80 29.05 19.00 25.00 24.00 0 0 0 1.31
108* 14.30 1 27.00 19.60 9.60 25.00 0.32 0 0 1.00 0.97
109 8.00 1 45.00 18.50 30.00 15.00 0 0 0 1.85 1.75
110 8.00 1 26.57 18.50 25.00 15.00 0 0 0 1.87 2.05
111 11.50 1 27.60 17.71 9.09 20.35 0 0 0 0.99 0.82
112 5.00 1 26.57 17.64 4.90 10.00 0 0 0 1.00
113 12.80 28.00 21.80 8.60 32.00 0 0 0 1.19 0.98
114 10.00 1 14.04 20.00 10.00 25.00 0 0 0 0.67
115 6.00 1 45.00 18.00 10.00 37.00 0 0 0 1.15 1.76
116 6.00 1 33.69 18.00 10.00 37.00 0 0 0 1.19 1.20
117 20.15 1 22.00 20.00 20.00 20.00 0.5 0.035 0.25 1.12
118 20.15 1 22.00 20.00 20.00 20.00 0.4 0.1 0.05 0.96
119 8.00 1 45.00 18.50 25.00 20.00 0 0 0 1.87 1.74
120* 8.30 1 26.57 18.50 10.00 20.00 0 0 0 1.60 1.54
121 11.50 1 27.60 17.71 9.09 20.35 0 0.05 0 1.21 1.25
122* 11.50 1 27.60 17.71 9.09 20.35 0 0 1 1.16 1.00
123 11.50 1 27.60 17.71 9.09 20.35 0 0 2 0.90 0.87
124* 10.20 1 45.00 19.60 11.80 30.00 0 0.2 0 1.23 1.00
Note: * indicates that the slope is used for validation
Among the 124 slopes, 20 slopes are chosen for prediction and evaluation o f  
the strengths/weaknesses o f  the developed RNN model including 10 representative 
slopes selected and 10 random ly chosen from the 114 slopes. The rem aining 104 
slopes are used for training the proposed model.
81
The slopes ana!>'zed by finite element methods are typically clayey slopes. 
M ost (85) o f  the finite elem ent analyses collected from the literature used two- 
dim ensional (2-D) analyses (Slopes #7, #16, etc.), while som e (17) used three- 
dim ensional (3-D) analyses (Slopes #53, #124, etc.) (A ppendix). The soil 
constitutive models used in the finite element analyses include the M ohr-Coulomb 
failure criterion and the Drucker-Prager failure criterion (D rucker and Prager, 1952). 
The finite element meshes used in the finite element analyses usually consisted o f  
three-noded triangular or four-noded quadrilateral elements for 2-D analyses and 
eight-noded brick-type elem ents for 3-D analyses. Table 4 -2  presents the FEM 
results for the 20 slopes to be used for prediction/evaluation.
While all the methods em ploy the same definition o f  factor o f  safety as the 
ratio o f  shear strength available to shear stress required for equilibrium , some finite 
element analyses used the sum m ed values o f  shear strength; stress called the overall 
factor o f  safety (Zienkiewicz et al.. 1975; Zhou, 1993; Yang et al.. 1994; Fredlund 
and Scoular, 1999; Cai and Ugai. 1999; Cheng et al., 2000) and som e used the local 
values o f  shear strength/stress called the local factor o f  safety (H unt, 1986; Huang 
and Yamasaki, 1993; Press et al., 1995, Wakai and Ugai, 1999).
By considering pore pressure as a nodal variable, it is realized that the pore 
pressures could be better treated by finite element solutions. This is one o f  the 
limitations o f  the proposed neural network model in that it does not 
com prehensively treat the effect o f  pore pressure. The Y oung’s m odulus and 
Poisson s ratio were included in the finite element analyses. Initially they were also
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included as inputs in the proposed RNN model. These two parameters are related to 
the m ovem ent o f  a slope. Therefore, it was considered inappropriate to include them 
in the proposed RNN model that is developed to predict the failure o f  a slope. 
Consequently, Y oung’s modulus and Poisson’s ratio were not included in the final 
RNN model.
Table 4 -2  Slopes with Finite Element Analysis
Slope
u
FEM
Dim.
Element
Node
Soil Constitutive 
Model
Young's 
Mod. (MPa)
Poisson's
Ratio
F.S.
7 2-D 4 Drucker-Prager 5.0 0.30 1.19
16 2-D 4 Drucker-Prager 5.0 0.30 1.00
24 2-D 4 Drucker-Prager 5.0 0.30 1.00
25 2-D 4 Mohr-Coulomb 40.0 0.40 1.16
35 2-D 4 Mohr-Coulomb 20.0 0.33 1.08
38 2-D 4 Mohr-Coulomb 20.0 0.33 1.75
39 2-D 3 Mohr-Coulomb 50.0 0.35 1.08
43 2-D 4 Drucker-Prager 5.0 0.33 1.00
46 2-D 4 Drucker-Prager 5.0 0.30 1.23
53 3-D 8 Mohr-Coulomb 98.1 0.30 1.05
62 2-D 4 Drucker-Prager 10.0 0.30 1.00
69 2-D 4 Drucker-Prager 5.0 0.30 1.24
75 2-D 4 Drucker-Prager 5.0 0.30 1.00
78 2-D 4 Mohr-Coulomb 20.0 0.33 1.19
87 2-D 4 Drucker-Prager 5.0 0.30 1.45
92 2-D 4 Mohr-Coulomb 20.0 0.33 1.52
108 2-D 4 Drucker-Prager 20.0 0.33 1.00
120 2-D 4 Drucker-Prager 5.0 0.30 1.60
122 2-D 4 Mohr-Coulomb 20.0 0.33 1.16
124 3-D 8 Mohr-Coulomb 98.1 0.30 1.23
4.3.3 Initializing the Proposed Model
A com puter code has been developed for use with M atlab based on the proposed 
RNN model utilizing the Neural Network Toolbox -  a com m ercially available 
softw are. In developing this program, the W idrow -H off learning rule (W idrow and
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Hoff, 1960), also called backpropagation, is used to adjust the weights and biases o f  
the network in order to m inim ize the sum-squared error o f  the network. This is done 
by continually changing the values o f  the network weights and biases in the 
direction o f  the steepest descent with respect to error. Derivatives o f  error called 
delta vectors are calculated for the netw ork’s output layer, and then backpropagated 
through the network. Calculating a layer’s delta vector from the following layer’s 
delta vector is referred to as the backpropagation o f  deltas (W idrow. 1962; Vogl et 
al. 1988).
Initialization creates initial weights and biases for the proposed recurrent 
network model. It takes as arguments a matrix o f  input vectors, the num ber o f  
recurrent neurons, the num ber o f  output neurons, and the transfer functions o f  each 
layer. With the input matrix and the output target vector set up from the 104 
random ly selected slopes, it is found that 45 recurrent neurons is a proper number 
for the hidden layer after other numbers has been tried according to the W idrow- 
H off learning rule.
4.3.4 Training the Proposed Model
Training the proposed model generates new weights and biases o f  network when it 
is presented with the given sequence o f  input and target vectors and the initial 
weights and biases. The training parameters { tp)  specified during the training 
process include the num ber o f  epochs between displaying progresses, the m axim um  
num ber o f  epochs to train, the sum-squared error goal, and the learning rate. The 
learning rate specifies the size o f  changes that are made in the w eights and biases at
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each epoch. Small learning rates result in long training time but can prevent the 
netw ork’s values from jum ping over valleys in the error surface that lead to lower 
errors (Dem uth and Beale, 1995). Training continues until either the error goal is 
met, or the m axim um  num ber o f  epochs has occurred.
The recurrent training may lead to a local rather than a global error 
minimum. The local error minimum obtained m ay be satisfactory, but if  it is not, a 
network with m ore neurons may do a better job. However, the num ber o f  neurons or 
layers to add m ay not be obvious. Alternatively, several different sets o f  initial 
conditions may be used to run the problem to see if  they led to the same or different 
solutions (Parlos et al., 1994).
During training, the network error and the current training status can be 
displayed at Intervals defined by the training param eter. These displays show how 
the network is doing. Training process returns, in addition to the new weights and 
bias, the num ber o f  epochs o f  training that actually occurred, and a row vector that 
records errors throughout training.
The interpretation o f  training often depends on the point o f  view that one 
takes on the recurrent network (Luk, 1999). The view  we take here is sim ply that the 
network is a function approxim ator o f  the model. The input data point is taken as the 
training set to determ ine the set o f  weights o f  the network {vv^  |  by solving the non­
linear least-squares problem  o f  minimizing ( v - j > ) ‘ w here y  = is the
ftmction o f  weights o f  the network.
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Figure 4 -1 0  shows an exam ple o f  training curve from the proposed RNN 
m odel - the norm alized sum o f  squared error (SSE) versus the num ber o f  iterations. 
As specified, the training is stopped when the normalized SSE is less than 0.001 or 
w hen the num ber o f  iterations reaches 1000 whichever occurs first.
Learning Curve
S
S
E
10°
0 600 800200 400 1000
Iteration
Figure 4 -10  Norm alized SSE vs. Number o f  Iterations
.After finalizing the weights and bias for the proposed RNN model, we then 
can use the RNN model to predict the factors o f  safety for the slopes selected.
4.3.5 Prediction with the Proposed Model
Prediction was processed with a new m atrix o f  input vectors from the 20 slopes 
selected as well as the weights and bias obtained from the training process. 
Prediction returns a matrix o f  output vectors -  the factors o f  safet>" o f  the slopes. 
The results o f  the predicted factors o f  safety are presented in Table 4 -3 .
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Table 4—3 RNN Model Prediction Results
Slope
n
Height Inclinatior 
(m) (deg)
Unit Wt. 
(kN/m )^
Cohesion
(kPa)
Friction
(deg)
Tu
(ratio)
FEM Bishop Semi-analy. 
(1952) (proposed)
RNN
(proposed)
7 8.05 26.57 18.50 15.00 10.00 0.00 1.19 1.27 1.23 1.34
16 7.80 44.50 18.60 10.20 20.00 0.00 1.00 1.05 1.06 1.10
24 8.00 45.00 18.45 15.06 10.10 0.14 1.00 0.97 1.15 0.95
25 7.62 26.57 17.61 7.66 26.00 0.20 1.16 1.13 1.21 1.02
35 45.50 41.01 12.00 23.00 25.00 0.00 1.08 1.03 1.01 1.09
38 30.00 20.56 19.61 14.71 20.00 0.00 1.75 1.52 1.50 1.63
39 32.80 18.16 17.00 12.00 16.30 0.00 1.08 1.11 1.16 1.18
43 9.10 26.60 18.31 5.16 15.12 0.10 1.00 0.99 1.06 0.87
46 8.56 44.50 18.50 20.00 10.00 0.00 1.23 1.15 1.20 1.19
53 10.00 33.69 17.66 7.85 25.00 0.25 1.05 1.07 1.10 1.11
62 9.50 25.50 18.61 10.42 10.14 0.31 1.00 1.03 1.14 0.93
69 8.20 45.00 18.50 15.00 15.00 0.00 1.24 1.11 1.19 1.27
75 8.45 45.00 18.50 10.00 15.00 0.00 1.00 0.89 0.98 1.16
78 46.00 38.66 14.00 20.00 26.00 0.00 1.19 1.14 1.13 1.20
87 8.18 26.50 18.50 15.00 15.00 0.00 1.45 1.35 1.49 1.69
92 27.43 26.40 17.29 44.54 12.00 0.00 1.52 1.45 1.38 1.43
108 14.30 27.00 19.60 9.60 25.00 0.32 1.00 0.97 1.08 0.98
120 8.30 26.57 18.50 10.00 20.00 0.00 1.60 1.54 1.51 1.59
122 11.50 27.60 17.71 9.09 20.35 0.00 1.16 1.00 0.99 1.16
124 10.20 45.00 19.60 11.80 30.00 0.00 1.23 1.00 1.32 1.20
For the 20 slopes selected for prediction, cohesions o f  soils range from 5 kPa 
to 44.54 kPa and friction angles range from 10° to 30°. The heights o f  the slopes 
range from 7.62 meters to 46 meters. Slope angles range from 18.16° to 45°. The 
pore pressure ratios, r^, are w ithin the range o f  0 to 0.32. The unit w eights o f  soils 
are within the range o f  12 to 19.61 k N /m \ Also, listed in the table are the results 
from the finite element analyses, the Bishop m ethod and the sem i-analytical method 
developed in the previous chapter for the purpose o f  com parison. The multiple 
layers are used in the finite elem ent analyses, the Bishop m ethod and the proposed 
RNN model, while single layer is used in the semi-analytical method.
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It can be observed from Table 4—3 that the factors o f  safety obtained by the 
proposed RNN model are in general agreem ent with the results from the finite 
elem ent analyses, the Bishop method, and the semi-analytical method. Statistical 
analyses show that the results from the proposed RNN model are closer to the finite 
elem ent method than to the Bishop method and the semi-analytical method. The 
difference between the proposed RNN model and the FEM averages 8% with a 
standard deviation o f  6%. The difference between the proposed RNN model and the 
Bishop method is about 10% with a standard deviation o f  8.5%. In two cases 
(Slopes #75, #87), the factors o f  safety are over-predicted with the differences 
between the proposed RNN model and the FEM being 16%, and 17%, respectively. 
.4nd in one case (Slope #25), it is under-predicted with the difference betw een the 
proposed RNN model and the FEM being 14%. The over o r under-predictions might 
be caused by one or m ore parameters that are over or under-valued.
The difference between the semi-analytical method and the finite elem ent 
method averages 9% with a standard deviation o f  6% for the 20 slopes. The 
proposed semi-analytical method is closer to the Bishop method with a difference o f  
8% on an average and a standard deviation o f  7%. The difference betw een the 
proposed RNN model and the proposed semi-analytical m ethod averages 11 % w ith 
a standard deviation o f  6%. There are six cases (Slopes #24, #25, #43, #53, #62, 
#108) in w hich the pore pressures are involved in the prediction o f  the proposed 
RNN model. Since the semi-analytical m ethod does not include pore pressure in its
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formulation, it generally sets the upper bounds o f  the factors o f  safety for the six 
slopes as shown in Table 4 -3 .
4.3.6 Predicting Slip Surface by the RNN Model
The slip surfaces are determined, based on the results (slip center and radius) 
obtained from the sem i-analytical method, by retraining the RNN model discussed 
above. However, for this case, the output layer has three neurons or target values, a, 
b, and r  that represent the coordinates o f  the center and the radius o f  a circular slip 
surface. The input param eters are sam e as those used for predicting Fs. 20 slopes are 
used for the prediction o f  slip surfaces, as listed in Table 4-4.
Table 4 -4  RNN-Based Results o f  C ircular Slip Surface
Slope Height Inclination Unit Wt. Cohesion Friction Semi-Analytical RNN
tt (ml (deg) (kN/m ) (kPa) (deg) x(m) y(m) r(m) x(m) y(m) r(m)
7 8.05 26.57 18.50 15.00 10.00 6.36 11.65 13.27 6.15 11.56 13.09
16 7,80 44.50 18.60 10.20 20.00 1.90 8.96 9.16 2.36 9.47 9.76
24 8.00 45.00 18.45 15.06 10.10 2.35 9.67 9.95 2.51 9.83 10.15
25 7.62 26.57 17.61 7.66 26.00 4.78 9.32 10.47 4.89 9.20 10.42
35 45.50 41.01 12.00 23.00 25.00 3.24 58.45 58.54 3.67 52.49 52.62
38 30.00 20.56 19.61 14.71 20.00 6.50 38.04 38.59 6.16 34.64 35.18
39 32.80 18.16 17.00 12.00 16.30 7.17 41.26 41.88 6.85 38.08 38.69
43 9.10 26.60 18.31 5.16 15.12 5.23 11.52 12.65 5.12 11.03 12.16
46 8.56 44.50 18.50 20.00 10.00 2.51 9.96 10.27 2.65 10.62 10.95
53 10.00 33.69 17.66 7.85 25.00 3.82 13.05 13.60 3.37 12.54 12.98
62 9.50 25.50 18.61 10.42 10.14 6.14 11.33 12.97 5.79 11.88 13.22
69 8.20 45.00 18.50 15.00 15.00 2.27 9.28 9.55 2.08 9.74 9.96
75 8.45 45.00 18.50 10.00 15.00 2.10 9.89 10.11 2.34 9.87 10.14
78 46.00 38.66 14.00 20.00 26.00 3.29 56.85 56.95 3.79 53.20 53.33
87 8.18 26.50 18.50 15.00 15.00 6.18 11.07 12.68 5.71 12.09 13.37
92 27.43 26.40 17.29 44.54 12.00 4.86 33.84 34.19 4.75 32.55 32.89
108 14.30 27.00 19.60 9.60 25.00 1.33 26.35 26.38 3.37 21.97 22.23
120 8.30 26.57 18.50 10.00 20.00 5.57 11.20 12.51 5.48 11.52 12.76
122 11.50 27.60 17.71 9.09 20.35 4.60 14.39 15.11 4.56 13.46 14.21
124 10.20 45.00 19.60 11.80 30.00 2.85 12.67 12.99 2.84 12.79 13.10
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4.4 Results and Discussions
To evaluate the proposed RNN model, the five slopes (#16, #24, #43, #62, #108) 
from Table 4 -4  with circular slip surfaces predicted by the proposed RNN model 
were further analyzed to compare the factors o f  safety w ith respect to the slip 
surfaces determ ined by the Bishop method, the finite elem ent m ethod and the semi- 
analytical m ethod, as shown in the following figures (4—11 through 4-15).
Slope #16 is a homogenous dry soil slope, as shown in Figure 4 -11 . The unit 
w eight o f  soil is 18.6 KN/m". The height o f  slope is 7.8 m and the depth to an 
underlying rigid layer boundar}' is 3.2 m from the bottom  o f  the slope excavation. 
The slope angle is 44.5°. The cohesion and friction angle are 10.2 kPa and 20°. 
respectively. The factors o f safety and slip surfaces for this slope determ ined by the 
above-m entioned four different methods are also presented in Figure 4 -11 .
7.8 m V  RNN Fs=1 1 
Bishop Fj=1.05 
Semi-analy. F,=1.06
3.2 m
Figure 4-11 Slip Surfaces for Slope #16
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The factors o f  safety for Slope #16, as shown in Figure 4 -1 1 , are in good 
agreem ent for this simple slope w ith 1.0 by the FEM model (Zhou, 1993) to 1.1 
predicted by the proposed RNN m odel to 1.05 by the Bishop m ethod and 1.06 by 
the semi-analytical method, w hich is between the two methods.
The location o f  the slip surface for Slope #16 (Figure 4 -1 1 ) obtained from 
the RNN model is slightly lower than that defined by the sem i-analytical method 
developed in this study but much lower than that defined by the Bishop m ethod and 
the FEM model (Zhou, 1993) in the lower portion o f  the slope. The RNN model 
yielded a slip surface extending from a point o f  the upper slope that is further away 
from the slope face than that predicted by the semi-analytical m ethod but closer than 
that predicted by the FEM model and not far away from the Bishop m ethod. The 
low er portions o f  the failure surfaces determ ined by the four approaches, however, 
are in good agreement with each other, and they all pass through the toe o f  the 
slope. The RNN model predicted the mixed solution - higher in the upper portion 
and lower in lower portion than that by the FEM model.
Slope #24, as shown in Figure 4 -12 , is a layered slope with the unit w eight 
o f  soil 18.45 KN/m^ and the cohesion and friction angle o f  15.06 kPa and 10.1°, 
respectively, in an weighted average sense. The height o f  slope is 8 m and the depth 
to an underlying rigid layer boundary is 5.6 m. The slope angle is 45°. The w ater 
level is 5.6 m above the firm base. The factors o f  safety and slip surfaces for this 
slope determined by the above-m entioned four different methods are also presented 
in Figure 4-12.
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FEM F,=1.0
RNN F,=0.95 
Bishop F,=0.97
Cl = 17.5 kPa 
(j), = 7.5 
hi=9.0 m
y 1=19.3 KN/mSemi-analy. F*=1.15
5.6 m
h2=4.6 m, 72=16.4 KN/m
Figure 4-12 Slip Surfaces for Slope #24 
The factors o f  safety o f  Slope #24. as shown in Figure 4 -12 . varied slightly 
from one method to another. The RNN model yields the lowest value o f  0.95 w hich 
is very close to the value 0.97 predicted by the Bishop method. The FEM model 
(Zhou. 1993). however, predicts a value o f  1.0. The semi-anal>lical m ethod gives 
the highest value o f  1.15. which might be due to its inability to include layered soils 
and the effect o f  pore pressure in its formulation.
It can be observed that the relative locations o f  the slip surfaces am ong 
different m ethods in Slope #24 show a sim ilar pattern to that o f  Slope #16, with the 
slip surfaces by the RNN model and the semi-analytical m ethod becom ing closer to 
that by the Bishop method and the FEM model (Zhou. 1993). Also, as expected, the 
low er portions o f  the slip surfaces determined by these four approaches all pass 
through the toe o f  the slope.
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Slope #43. as shown in Figure 4 -13 , is a three-layered slope. The unit 
weights o f  soils range from 16.5 to 19.2 KN/m^ with the w eighted-average o f  18.31 
KN/m^. The height o f  the slope is 9.1 m and the second layer has the maximum 
height o f  7.2 m. The depth to an underlying rigid layer boimdary is 5 m from the 
bottom o f  the slope excavation. The slope angle is 26.6°. The cohesion and friction 
angle are 5.16 kPa and 15.12°. respectively, in a weighted average sense. The water 
level is 4 m above the firm base. The factors o f  safety and slip surfaces for this slope 
defined by the four different m ethods are presented in Figure 4—13.
4>i ^  10.6
h|=3.3 mSemi-Analy. F,=1.06 
Bishop F,=0.99 
9.1m RNN F,=0.87.
FEM F,=,.0  _  ^
* 5 -1 7 "  
h7=7.2 m 
72=18.7 KN/m'
^ C3 = 6.8 kPa,(j)3 = 15.5”
hj=3.6 m, 73=19.2 KN/m
Figure 4—13 Slip Surfaces for Slope #43
.A.S shown in Figure 4 -1 3 . the factors o f  safety o f  Slope #43 are quite close 
between the FEM model (Song and Chang, 1995) and the Bishop m ethod with 
values o f  1.0 and 0.99, respectively. The semi-analytical m ethod gives a  higher
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value o f  1.06. However, the RNN model predicts a m uch lower value o f  0.87 than 
o ther m ethods.
The slip surface o f  Slope #43, defined by the RNN model, lie (Figure 4 -1 3 ) 
slightly above that defined by the semi-analytical m ethod and som ew hat low er than 
that by the Bishop m ethod but much lower than that defined by the FEM model 
(Song and Chang, 1995). The RNN model exhibited a slip surface extending from a 
point o f  the upper slope that is further away from the slope face than that predicted 
by the Bishop method but closer than that predicted by the FEM model and the 
sem i-analytical method. The lower portions o f  the slip surfaces determ ined by these 
four approaches, however, all pass through the toe o f  the slope, as expected. 
However, in the middle portions o f  the slip surfaces, the sem i-analytical method and 
the RNN model deviate from the FEM model. The reason might be that the semi- 
analytical m ethod fails to treat the slope as a layered soil while the RNN model used 
the sem i-analytical solutions in its training.
Slope #62 is a two-layered slope w ith the w eighted-average unit w eight o f  
soil 18.61 kN/m^ and cohesion and friction angle 10.42 kPa and 10.14°, 
respectively, as shown in Figure 4 -14 . The height o f  slope is 9.5 m and the depth to 
an underlying rigid layer boundary is 6 m. The slope angle is 25.5°. The w ater level 
is 4 m below the top o f  slope. The phreatic surface is shown in the figure. As 
reported by Yang et al. (1994), the pore pressure played a key role in the failure o f  
th is slope and the location o f  the actual failure surface is close to the finite elem ent 
m odel they developed.
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The factors o f  safety for Slope #62 from the FEM model (Y ang et al., 1994) 
and the Bishop method are quite close to each other w ith values o f  1.0 and 1.03. 
respectively. The RNN model gives the lowest value o f  0.93, while the semi- 
analytical method yields the highest value o f  1.14. The high value from the semi- 
analytical method m ight be due to no pore pressure involved in its formulation. The 
low value by the RNN model might be caused by the approxim ation o f  pore 
pressure and by the limited cases with pore pressures involved in its training.
9.5 m
Semi-analy. F,=1.14 
Bishop Fj=1.03 
RNN F,=0.93
FEM F.=1.0
6 m
. . ^ 1  = 11.5 kPa. (|)| = 9.6°
hi=9.5 m. y I =20 KN/m'
Cl = 8.7 kPa, (j>2 = 11.0° 
hi=6 m. Y:=16.4 KN/m"’
Figure 4 -1 4  Slip Surfaces for Slope #62
The slip surfaces o f  Slope #62 defined from the four m ethods deviate from 
each other (Figure 4—14) in the m iddle portions o f  the slope. The slip surface by the 
Bishop method exhibits a  small am ount o f  shift from the FEM  model, while the 
sem i-analytical m ethod shift further and the RNN model sets the lower bound in 
general. It is w orth noticing that the lower portions o f  the slip surfaces determined
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by these four approaches somewhat go beyond the toe o f  the slope but still not far 
aw ay from each other, which might be caused by the pore water pressure.
Slope #108 is the failure o f  the Springfield Dam in Kentucky (Huang, 1983). 
as shown in Figures 4-15. The slope is about 14.3 m high in front and 10 m  high in 
the back o f  the dam. The slope angle is about 27^. The water level is about 9 m from 
the bottom o f the dam  or 1 m from the top. The circular failure surface determ ined 
by Huang (1983) using the Bishop method had a factor o f  safety o f  0.97 with the 
assum ed soil properties o f  c =9.6 kPa, <{» = 25°. and y = 19.6 kN/m". Huang (1983) 
indicated that the actual location o f  the failure surface is very close to the theoretical 
circle determined by the Bishop method shown in Figure 4-15.
4 m top
1 m from top
14.3 m
•Bishop F,=0.97
.....................
»••• • Semi-analytical F,=1.08
Figure 4-15 Stability Analysis o f  Springfield Dam 
Since the dam  had been built long before the failure occurred, it is therefore 
assum ed that no excess pore-water pressure existed in the soils at the time o f  failure.
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Thus, the buoyant weight o f  the soils below the phreatic surface is used in the 
analysis. Analysis o f  the dam  failure using the FEM model w ith soil properties o f  c 
-  9.6 kPa, ({) = 25°, and y = 19.6 kN/m^ does not indicate a stability problem  (Huang 
and Yamasaki, 1993). One o f  the strength param eters o f  the soils below the phreatic 
surface is then reduced. The cohesion o f  the soils in a saturated state was taken as 
one-third o f  the cohesion o f  the same soils above the phreatic surface, and the angle 
o f  friction was kept the same, since it does not vary much with the degree o f  
saturation. With these changes, the FEM model (Huang and Yamasaki, 1993) gives 
a factor o f  safety o f  1.0.
Using the same soil properties as used in the Bishop method, the RNN 
model predicts a factor o f  safety o f  0.98, w hich is fairly consistent w ith that from 
the Bishop method. However, the slip surface determined by the RNN model is 
much shallower than the circular failure surfaces obtained from the Bishop method 
and the semi-analytical method but deeper than that from the FEM m odel (Huang 
and Yamasaki. 1993), as presented in Figure 4-15. The em erging points o f  the slip 
surfaces near the toe o f  the dam  agree well. The projected locations o f  the three slip 
surfaces are different at the crown o f  the dam with the Bishop method predicting a 
failure surface further aw ay from the slope face, the FEM  model (H uang and 
Yamasaki, 1993) predicting a failure surface closest to the slope face and the RNN 
model predicting a failure surface between them.
These exam ples illustrate the use o f  the proposed RNN m odel as an 
alternative approach to slope stability analyses. The predicted results shows that the
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104 cases are sufficient for training the proposed RNN model for the factor o f  safety 
and the failure surfaces. For the five slopes exam ined, the factors o f  safety from the 
sem i-analytical m ethod generally set the upper bound in the cases where pore w ater 
pressures are involved, w hich is one o f  its limitations. The locations o f  the slip 
surfaces defined by  the four methods also deviate somewhat from each other. One 
possible explanation is the concept o f  constancy o f  the factor o f  safety along the 
failure surface that the limit equilibrium  analysis (the Bishop m ethod and the semi- 
analytical method) is based on. Soil properties (Y oung’s modulus and Poisson’s 
ratio) and the constitutive laws (M ohr-Coulom b failure criterion, Drucker-Prager 
failure criterion) used in the finite element analyses might contribute to this 
difference. Additionally, m inor errors also could be introduced to the results from 
the m esh design on w hich the finite element analysis is based. The results from the 
proposed RNN model might be affected by the limited num ber o f  slopes available 
for training the model. The lower bounds set by the RNN model in som e cases 
m ight be caused by its failure to com prehensively treat the effect o f  pore pressure 
and also by  the limited cases with pore w ater pressures involved in its training. It 
m ight be possible that the proposed RNN model does not have enough training.
4.5 Concluding remarks
In this chapter, an artificial neural network model is presented for slope stability 
analysis. The proposed m odel is a tw o-layer recurrent network with a sigmoid 
hidden layer and a linear output layer -  a pow erful com bination to perform  non­
linear modeling. Five layers are assum ed for a typical layered slope. The model is
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developed based on the data from 124 slopes collected in this study, including 32 
input parameters that could possibly contribute to the failure o f  each slope. The 
training data are well represented for the proposed model with wide range o f  factors. 
45 recurrent neurons are used in the hidden layer. Training is perform ed on the 104 
slope data selected from the 124 slopes, and prediction or evaluation is based on the 
rem aining 20 slopes. The predicted results by the proposed RNN model are in 
general agreement with that obtained by the finite element method and the Bishop 
m ethod as well as the proposed sem i-analytical method. The circular slip surfaces 
are determined by retraining the proposed RNN model with the output targets (slip 
center and radius) obtained from the semi-analytical method. The output layer has 
three neurons, namely the coordinates o f  the center and the radius o f  the circular slip 
surface.
In comparison with the proposed semi-analytical method, the proposed RNN 
model can do better in representing the layered soils or relatively com plex cases 
w ith pore pressures involved, while the semi-analytical method would be as good as 
any other methods for simple slopes. The study also shows that the solutions from 
the Bishop method are quite accurate for m ost cases.
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CHAPTER 5 
SUMMARY, CONCLUSIONS AND RECOMMENDATIONS
5.1 Summary
In this study, the slope stability problem s (Chapter I) were introduced and followed 
by a detailed literature review o f  the slope stability analysis m ethods (Chapter 2). A 
semi-analytical m ethod (Chapter 3) was presented for calculating the factor o f  
safety in which an integral approach is used to accurately represent the forces in 
various slices and an optim ization technique is used to obtain the critical slip 
surface. As an alternative to num erical approach, an artificial neural network model 
was developed for estim ating slope stability (Chapter 4).
The semi-analytical m ethod presented in Chapter 3 is developed for analysis 
o f  slope stability involving cohesive and non-cohesive soils. For sandy slopes, a 
planar slip surface is em ployed, while for clayey slopes, circular slip surfaces are 
em ployed including Toe Failure, Face Failure and Base Failure resulting from 
different locations o f  a hard stratum. Earthquake effects are considered in an 
approxim ate m anner in term s o f  seismic coefficient-dependent forces.
The proposed method can be viewed as an extension o f  the m ethod o f  slices, 
but it provides a m ore accurate treatm ent o f  the forces because they are represented 
in an integral form. A lso, the m inim um  factor o f  safety is obtained by  using the 
Pow ell’s optim ization technique rather than by a trial and error approach used 
com monly. The results (factor o f  safety) from the proposed sem i-analytical method 
are com pared with the solutions by the Bishop method (1952) and the finite element
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m ethod, and satisfactory agreements are obtained. The proposed method appears to 
be sim pler and m ore straightforward than the Bishop method and the finite elem ent 
method.
In Chapter 4, an artificial neural network model is introduced, as an alternate 
approach, for m odeling slope stability. The proposed neural network model is a two- 
layer recurrent neural network (RNN) with a sigm oid hidden layer and a linear 
output layer. The model is developed by using data from 124 slopes collected for 
this study, including a limited number o f  slopes for which field data are available. 
The input variables include the param eters that contribute to the failure o f  a slope 
and include the height o f  slope, the inclination o f  slope, the height o f  water level, 
the height o f  tension cracks at crest o f  slope, the depth o f  firm base, horizontal and 
vertical seismic coefficients, the unit w eight o f  soil, the cohesion o f  soil, the friction 
angle o f  soil, the thickness o f  each layer, and the pore pressure ratio which is 
defined as the ratio o f  the pore pressure to the overburden pressure for a given layer. 
The output layer is a single neuron -  the factor o f  safety o f  slope. Training is 
perform ed using data from 104 slopes selected from the 124 slopes. Prediction or 
evaluation o f  the proposed model is based on the rem aining 20 slopes.
Statistical analyses performed show that the results from the proposed RNN 
m odel are closer to the finite element m ethod than to the Bishop m ethod and the 
proposed semi-analytical method. A separate RNN model is developed to determ ine 
circular slip surfaces by retraining the proposed neural network model with three 
neurons in the output layer, nam ely the coordinates o f  the center and the radius o f
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the circular slip surface. In com parison with the proposed sem i-anahlical method, 
the proposed RNN model is found to be more effective in representing relatively 
com plex slopes with layered soils and/or pore water pressures. The proposed semi- 
analytical method is found to be as good as or better than traditional slope stability 
analysis methods.
5.2 Conclusions
Base on the results presented in the preceding chapters, the following conclusions 
can be made:
1. The proposed semi-analytical m ethod provides an accurate treatm ent o f  the 
inter-slice forces in an integral form. The closed-form analytical solutions 
presented allow the application o f  Pow ell’s optim ization technique to 
detemiine the most critical slip surface and the minimum factor o f  safety for 
a given slope. In comparison with the Bishop method and the finite element 
method, the proposed semi-analytical approach is accurate, more 
straightforward, sim pler and less time-consuming.
2. For the 23 slopes analyzed w ithout seismic effects, the factors o f  safety 
obtained from the proposed semi-analytical method are closer to the values 
obtained from the FEM models (w ith a difference o f  5% on an average and a 
standard deviation o f  4%) than those by the Bishop method (with an average 
difference o f  6% and a standard deviation o f  3%). .\bou t 65%  results from 
the proposed method are betw een those obtained from the FEM  model and
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the Bishop method. The Bishop method yields the lower bound (i.e., sm aller 
stability values) am ong the three methods.
3. Among the 14 cases analyzed with seismic effects, the factors o f  safety
obtained by the proposed semi-analytical method are found to be closer to
that by the FEM (with a difference o f  5% on an average and a standard 
deviation o f  2%) than the results obtained from the Bishop method (w ith an 
average difference o f  9% and a standard deviation o f  8%).
4. The GFA2D, a general-purpose FEM, needed about 20 times the effort, on
an average, as com pared with the proposed semi-analytical method. The
Slope2000, a com puter code to simplify the analysis process o f  a slope by 
the Bishop method, still needed about 5 times the effort, on an average, than 
the proposed semi-analytical method.
5. The study shows that the solutions from the Bishop method are accurate for 
most cases.
6. The proposed tw o-layer RNN model with a sigmoid hidden layer (45 
neurons) and a linear output layer is dem onstrated to be a powerful tool for 
analysis o f  layered slopes including pore pressure effects.
7. The database developed in this study, having data for 124 slopes including 
some field data, is found to be adequate for training the proposed RNN 
model. Additional field data would enrich the database further.
8. The factors o f  safety obtained by the proposed RNN m odel are in general 
agreement w ith the results from the FEM analyses, the Bishop method, and
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the semi-analytical method. The difference between the proposed RNN 
model and the FEM averages 8%. The difference between the proposed 
RNN model and the Bishop method is about 10%.
9. This study illustrates that the proposed semi-analytical m ethod and RNN 
model are useful alternatives for slope stability analyses. O ther techniques 
such as finite element method can be used for a more detailed analysis when 
needed.
10. Artificial neural network is still very much a developing field. It is, 
therefore. necessar\' for the potential users o f  this new tool (i.e. neural 
network technique) to be well aware o f  the assumptions underlying the 
technique as well as o f  its lim itations. One must, therefore, be wary o f  
attaching overwhelm ing im portance to the absolute values o f  calculated 
factors o f  safety. It is the com parison o f  calculated factors o f  safety using 
different alternatives that is really im portant. These thoughts should be kept 
well in mind when adopting any analyses o f  slope stability.
5.3 Recommendations
Based on the obser\ ations from this study, the following recommendations are made 
for future studies:
1) In view o f  the limitations o f  the proposed semi-analytical approach, future 
work should include layered soils and effect o f  pore water pressure in the 
formulation.
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2) As to the neural network-based approach, further study should involve 
collecting more field data that can be used to enhance training and 
evaluation o f  the model. Also, future studies should account for the effect o f  
pore water pressure in a m ore comprehensive marmer including the tim e- 
dependent nature o f  pore pressure and slope failure.
3) The principal com ponent analysis and ranking o f  input factors used in 
developing the neural network model are also considered im portant topics 
for future research.
4) Laboratory and field studies can be pursued to generate data that can be used 
for further developm ent and validation o f semi-analytical and neural 
network models.
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APPENDIX Slope Data for Developing the Proposed RNN Model
3ope H Hv Hi H P L a ^ h Y c 4' K, K Bshop REferenœ
m (m) (deg) m (m) (Wlnf) (kF )^ (deg) (Fs) (dm) (node) (modei) (1962)
1 10.00 10.00 33.69 1 10.00 20.00 10.00 20.00 0 0 1.14 2-0 4 MC 1.32 C a& U ^. 1999b
2 1520 71.60 1 18.00 20.00 20.00 0 0 1.00 2-0 4 MC 0.91 Kilter &SchLeter, 1968
3 50.00 21.80 1 11.00 15.00 21.00 0 0 1.13 2-0 4 MC 0.97 Lav&LuTt), 1978
4 10.00 9.00 0.00 2657 1 10.00 19.61 31.70 13.00 0 0 1.44 3-D 8 ivK: 1.61 Mxiietai.. 1999
5 10.50 2657 1 20.27 31.70 13.00 0 0 1.82 2-0 4 OP 1.64 LwdI, 1984
6 500 30.00 20.00 1 20.00 40.00 30.00 0 0 1.56 2-0 4 DP 1.35 Atkinson. 1993
7 806 6.00 26.57 1 18.50 15.00 10.00 0 0 1.19 2-0 4 DP 1.27 Kang & Yamasaki, 1993
8 2575 630 29.20 1 17.65
17.16
0.00
0.00
37.00
35.00
0 0 0.92 2D 4 DP 1.06 KnsbOk 1994
9 10.00 9.00 200 30.00 1 10.00 18.00 25.00 10.00 0 0 1.54 2-0 4 MC 1.55 San^eiatetal., 1985
10 800 600 0.00 33.69 1 19.80 4.00 3200 0 0 1.40 lm 1968
11 44.20 1200 0.00 19.98 1 2276 1676 37.50 0 0 1.18 Lae; 1968
12 20.00 33.69 1 19.65 4.31 3200 0 0 1.00 2-0 4 MC 1.31 Tatesnck&Baker, 1984
13 6.20 1672 1 18.80 0.00 20.00 0 0 0.75 Skenpton, 1977
14 7.20 19.98 1 1880 1.00 20.00 0 0 0.80 Skerrpton, 1977
15 7.00 1843 1 18.80 1.00 20.00 0 0 0.77 Skenpton, 1977
16 7.80 3.20 44.50 1 7.80 18.60 10.20 20.00 0 0 1.00 2-0 4 DP 1.05 Zhou, 1998
17 1220 17.10 1 18.80 1.50 20.00 0 0 0.98 Skenpton, 1977
18 800 2657 1 1850 20.00 20.00 0 0 205 2-0 4 DP 209 Kang&Yarmsaki, 1998
19 20.00 0.00 0.00 2200 1 20.00 0.00 20.00 0.085 0 1.00 Juaketd., 1998
20 20.00 10.00 0.00 2200 1 20.00 0.00 20.00 0.085 0 0.90 Juaketd., 1998
21 11.50 10.80 27.60 1 17.71 9.09 20.35 0.2 0 1.09 8 0 8 MC 1.10 Shd & sutoh, 1999
22 11.50 10.80 27.60 1 17.71 9.09 20.35 0.1 0 1.15 80 8 MC 1.20 Shid& Sutoh, 1999
23 800 6.00 45.00 1 1850 1500 20.00 0 0 1.46 2-0 4 DP 1.25 Kang & Yamasaki, 1993
24 800 560 5.60 4500 1
2
9.00
4.60
19.50
16.40
17.50
10.30
7.50
15.20
0 0 1.00 2-0 4 DP 0.97 2hou1998
w
APPENDIX Continued
9ope H H, Hj H P Lgyer h y c •t» kh K FB4 Bshop F e^renoe
W (m) (deg) (#) (m) (kWm") (kP&) (deg) (Fs) (dm) (node) (modd) (1962)
25 7.62 673 2.31 0.93 26.57 1
2
3
4
5
0.98
3.25
278
1.40
231
18.53
18.53 
17.91 
17.59 
1671
0.00
6.70
6.70
6.70 
11.01
30.00
30.00
30.00
21.00 
20.00
0 0 1.16 2-D 4 tvK: 1.13 Skenpton, 1984
26 32.80 26.90 164.00 1816 1 32.80 17.00 12.00 16.30 0 0 0.94 3-D 8 rwc 0.86 Terado et d., 1999
27 20.40 20.00 0.00 2200 1 20.00 20.00 20.00 0.035 0 1.12 Jiraketd., 1996
28 20.40 20.00 0.00 2200 1 20.00 20.00 20.00 0.1 0 0.96 Juaketal., 1996
29 44.20 0.00 19.98 1 2280 16.80 37.50 0 0 1.00 Larrte&Slva, 1992
30 44.20 0.00 19.98 1 2280 16.80 37.50 0 0 1.12 Lante&aiva, 1992
31 4.90 18.43 1 18.80 1.20 20.00 0 0 1.10 Skenpton, 1977
32 20.00 100.00 33.60 1 18.80 41.70 1600 0 0 1.40 firà &Tagyo, 1985
33 1&20 63.40 1 1800 20.00 20.00 0 0 1.00 2-0 4 MC HcMand, 1977
34 46.00 0.00 41.01 1 46.00 9.00 25.00 20.00 0 0 1.03 2-D 4 DP 0.99 Kbd^igæ
35 4&50 0.00 41.01 1 45.50 1200 23.00 2600 0 0 1.08 2-D 4 MC 1.03 Koda, 1999
36 800 4600 1 18.50 20.00 15.00 0 0 1.45 2-D 4 DP 1.32 Bang & Yamasaki, 1993
37 800 4600 1 18.50 20.00 20.00 0 0 1.68 2-D 4 DP 1.50 HLeng& Yamasaki, 1993
38 30.00 20.56 1 19.61 14.71 20.00 0 0 1.75 2-D 4 MC 1.52 Hardn&Hardn, 1964
39 3280 26.90 164.00 1816 1 3280 17.00 1200 16.30 0 0 1.08 2-D 3 MC 1.11 Terado et al., 1999
40 17.00 33.69 1 18.80 1.00 20.00 0 0 0.97 Skenpton, 1977
41 610 30.50 3369 1 610 19.62 4.31 3200 0 0 1.54 3D 8 DP 1.47 MxhizLkietai., 1999
42 10.00 5.00 26.57 1 10.00 16.00 10.00 1600 0 0 0.93 Wakai&Uga, 1999
43 9.10 4.00 5.00 26.60 1
2
3
3.30
7.20
3.60
16.50
1870
19.20
8.50
280
6.80
10.60
17.00
1650
0 0 1.00 2-D 4 DP 0.99 Yang et à., 1994
44 800 4600 1 18.50 2600 10.00 0 0 1.42 2-D 4 DP 1.35 Hueng& Yamasaki, 1993
45 17.68 17.68 88.40 26.57 1 106.08 19.65 10.06 27.00 0 0 0.86 2-0 4 DP 0.79 Larsson et at., 1998
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Reference
46 8.56 45.00 1 18.50 20.00 10.00 0 0 1.23 2-0 4 OP 1.15 Huang & Yamasaki, 1993
47 44.00 0.00 19.98 1 2280 16.80 37.50 0 0 1.50 Lante&Slva, 1992
48 1150 2657 1 17.30 57.50 7.00 0 0 211 2-0 4 MC 208 1990
49 610 0.00 3369 1 19.65 4.31 3200 0 0 1.11 2-0 4 MC 1.19 Cheng et d., 2000
50 600 2396 1 18.80 1.00 20.00 0 0 0.93 Skenpton, 1977
51 7.00 26.57 1 18.80 1.00 20.00 0 0 0.81 Skenpton, 1977
52 10.00 0.00 2657 1 18.93 11.97 3200 0 0 1.22 2-0 4 MC 1.06 Cheng et ai., 2000
53 10.00 5.00 3369 1 10.00 17.66 7.85 25.00 0 0 1.05 30 8 MC 1.07 Cd&Uga, 1999a
54 8.00 2657 1 18.50 5.00 20.00 0 0 1.23 2-0 4 OP 1.21 Huang&Yamasaki, 1993
55 600 2657 1 18.50 15.00 20.00 0 0 1.85 2-0 4 OP 1.82 Huang & Yamasaki, 1993
56 10.40 15.24 1 18.80 0.00 20.00 0 0 0.97 Skenpton, 1977
57 5.10 3.27 25.50 25.25 1 1.55 18.84 0.00 34.00 0 0 0.62 Lee et d., 1983
2 1.50 18.34 0.00 2200
3 2245 18.06 10.00 18.00
58 4.00 0.00 6.00 20.00 1 17.95 5.00 15.00 0 0 0.89 30 8 MC 0.78 Leeetd., 1983
59 20.00 20.00 1 19.72 30.00 30.00 0 0 1.25 30 8 MC 1.54 Lee et d., 1983
60 4.50 1.30 20.00 1 15.92 216 17.33 0 0 0.88 30 8 MC 0.93 Leeetd., 1983
61 1219 33.69 1 19.24 2280 35.00 0 0 1.78 2-0 4 MC 1.62 Cheng et d., 2000
62 9.50 25.50 1 9.50 20.00 11.50 9.60 0 0 1.00 2-0 4 OP 1.30 Yang et d.. 1994
2 600 16.40 8.70 11.00
63 8.00 26.57 1 600 18.50 20.00 15.00 0 0 1.72 2-0 4 OP 1.78 Huang&Yamasaki, 1993
64 20.00 26.57 1 18.71 0.00 23.50 0.51 0.1 1.03 Chen, 1999
65 21.50 24.13 1 17.40 5.00 10.00 0 0 1.23 Qiricaetd., 1908
66 44.20 0.00 20.00 1 2200 16.00 37.50 0 0 1.25 Larrtje&Slva, 1992
67 44.20 0.00 20.00 1 2200 16.80 37.50 0 0 1.37 Lante&Slva, 1992
68 13.70 26.57 1 18.71 0.00 14.00 0.05 0 1.28 ÜU, 1990
69 620 45.00 1 18.50 15.00 15.00 0 0 1.24 2-0 4 OP 1.11 Huang&Yamasaki, 1983
70 44.10 0.00 19.98 1 2280 16.50 37.50 0 0 0.68 2-0 4 OP Lante&Slva, 1992
w
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m (m) (dag) m (m) (kWnf) (kFte.) (dag) (Fs) (dm) (node) (model) (1952)
71 44.10 0.00 19.98 1 2280 1650 37.50 0 0 0.70 2-0 4 DP Lante&SlvEv 1992
72 1219 7.62 27.15 1 18.87 0.00 33.00 0 0 1.20 ShamH&MDudud, 1992
73 1219 7.62 27.15 1 18.87 67.00 0.00 0 0 213 2-D 4 DP 215 ShEiTTB&Mxjdud, 1902
74 1219 7.62 27.15 1 18.87 28.70 20.00 0 0 1.76 2D 4 DP 1.35 S h a r m a 1992
75 645 4500 1 18.50 10.00 15.00 0 0 1.00 2-D 4 DP 0.89 Huang &YarTBsd<i. 1993
76 21.50 24.13 1 17.40 0.00 14.00 0 0 0.92 Chirica d  St., 1998
77 21.50 24.13 1 17.40 0.00 17.20 0 0 1.06 2-D 4 DP 0.64 Qiricaetd., 1996
78 4600 0.00 38.66 1 4600 14.00 20.00 26.30 0 0 1.19 2-D 4 MC 1.14 Kod^1999
79 2270 16.27 1 18.20 0.00 14.10 0 0 1.19 Qiricaetd., 1998
80 2270 1627 1 1820 0.00 17.20 0 0 1.00 8D 8 MC 0.87 Qiricaetd., 1998
81 1550 1501 1 18.00 500 10.00 0 0 1.05 3D 8 MC Qiricadd., 1998
82 1550 1501 1 18.00 0.00 14.00 0 0 1.11 3D 8 MC 1.17 Qiricaetd., 1998
83 1500 1299 1
2
3
500
10.00
30.00
2200
20.00
2200
0.00
4500
150.00
2500
0.00
0.00
0 0 1.39 3D 8 DP 1.31 Skraü&IVbcdT,1998
84 1500 1299 1
2
3
500
10.00
30.00
2200
20.00
2200
0.00
21.00
150.00
26.00
17.00
0.00
0 0 1.05 Skrdi&IUhcd\ 1998
85 2500 6.25 12500 2200 1 150.00 1880 30.00 20.00 0 0 1.36 Chovtduy, 1985
86 aoo 45.00 1 18.50 2500 1500 0 0 1.65 2-D 4 DP 1.53 Huang &YarTBsalg, 1993
87 aoo 25.50 1 18.50 15.00 1500 0 0 1.45 2D 4 DP 1.35 t-üang&Yarrasdfl, 1983
88 10.06 30.38 262 21.80 1 10.06 18.44 0.96 24.50 0 0 1.06 2D 4 DP 1.00 Dncan&StarK 1992
8 8 10.06 30.38 262 21.80 1 10.06 1844 0.72 25.60 0 0 1.00 2D 4 DP 0.83 DLrcan&StsrK 1992
90 500 6,00 30.00 33.69 1 36.00 19.65 1.50 30.00 0 0 0.79 larsson et d., 1986
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raenenoe
91 1280 27.76 1 21.85 862 3200 0 0 1.03 Jiang et d., 1999
92 27.48 2540 1 17.29 44.54 1200 0 0 1.52 2-D 4 MC 1.45 Byrne et d., 1992
98 14.33 1514 3.05 3658 1 600 20.47 6800 0.00 0 0 1.65 2-0 4 MC 1.64 SkBTTton, 1984
2 610 20.47 39.26 0.00
3 804 20.47 50.75 0.00
m aoo 2657 1 18.50 10.00 1500 0 0 1.29 2-0 4 DP 1.29 HuBng&YarTBBak, 1993
96 10.00 7.00 39.81 1 20.36 0.98 3250 0 0 1.11 2-0 4 MC 1.01 Skarpton, 1984
96 laoo 2657 1 19.50 9.81 27.00 0 0 1.02 2D 4 MC 1.07 SkBrrptDr\ 1984
97 1280 6.10 2850 1 21.55 862 30.00 0 0 0.92 2D 4 MC 1.05 Skenpton, 1984
96 10.06 21.80 1 18.01 1533 20.00 0 0 0.73 Jiang et d., 1969
99 10.06 21.80 1 1884 0.00 20.00 0 0 1.43 2D 4 MC Skenpton, 1984
100 7.01 1843 1 2129 0.00 20.00 0 0 1.05 2D 4 MC Skenpton, 1984
101 7.01 1843 1 19.79 0.96 1800 0 0 1.03 2D 4 MC 1.00 Skenpton, 1984
102 1029 11.00 1 2232 1533 21.00 0 0 1.00 2D 4 MC 1.28 Skenpton, 1984
108 1210 10.00 24.38 1 1210 1610 2500 20.00 0 0 1.18 8 0 8 OP 1.00 /Vda«&Verrier, 1999
1M 30.00 20.00 30.00 1 30.00 21.00 2211 1829 0 0 1.22 80 8 DP 0.86 Yorg&Ririan 1999
105 500 30.00 3869 1 500 19.60 256 27.60 0 0 1.06 80 8 DP 0.98 Yamagametd., 1999
106 67.80 29.05 1 19.00 3800 29.50 0 0 1.01 2D 4 MC 1.21 Crietd.,2000
107 67.80 4500 0.00 29.05 1 3280 16.00 2500 20.00 0 0 1.31 Tsiiietd., 1999
2 3500 19.00 2500 24.00
108 14.30 1830 0.00 0.00 27.00 1 14.30 19.60 9.60 2500 0 0 1.00 2 0 4 DP 0.97 mang&Ydmsdd, 1993
109 aoo 4500 1 1850 30.00 15.00 0 0 1.85 2D 4 DP 1.75 Hjang&YanBsak, 1993
110 aoo 2657 1 1850 2500 1500 0 0 1.87 2-0 4 DP 205 Kang&Yanasdfl, 1993
111 11.90 10.80 27.60 1 17.71 9.09 20.35 0 0 0.99 2D 4 MC 0.82 Sid&SUtd^ 1999
112 500 1.00 800 2657 1 500 17.61 4.90 10.00 0 0 1.00 Jang et d., 1999
w
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raerenoe
113 1280 809 809 1.56 2800 1 274 21.67 7.82 3200 0 0 1.19 2-0 4 MC 0.98 Skmpton&Bmrt, 1961
2 4.88 21.67 670 3300
3 518 21.60 646 31.50
4 809 21.05 9.10 29.00
114 1Q00 14.W 1 10.00 20.00 10.00 2500 0 0 0.67 BEter&Taneka 1999
115 aoo 3000 4500 1 aoo 1800 1Q00 37.00 0 0 1.15 2-0 4 MC 1.76 Babu&Bjcy, 1999
116 aoo 3000 3369 1 aoo 1800 1Q00 37.00 0 0 1.19 2-0 4 MC 120 Betxj&ajoy, 1999
117 2015 1000 OOO 2200 1 20.00 2000 2000 0.005 025 1.12 Juaketd., 1998
118 2015 1Q00 QOO 2200 1 2000 2000 20.00 0.1 005 096 Jtfaketd., 1998
119 aoo aoo 4500 1 1850 2500 20.00 0 0 1.87 2-0 4 D-P 1.74 KaTgAYamasalg, 1993
120 830 6.00 2557 1 1850 1Q00 20.00 0 0 1.60 2-0 4 DP 1.51 Kaig&YaTBBaIg, 1993
121 11.50 1080 27.60 1 17.71 9.09 20.35 0.05 0 1.21 2-0 4 MC 1.25 Shd&aioM 909
122 11.50 1080 27.60 1 17.71 9.00 2035 0 01 1.16 2-0 4 MC 1.00 9 id & S tid \ 1999
123 11.50 1080 27.60 1 17.71 9.09 2035 0 02 090 2-0 4 MC 087 Shd&Sdoh 1999
124 1020 500 4500 1 19.60 11.80 3000 0.2 0 123 3 0 8 MC 1.00 Shrmdaetd., 1999
w
■o
Note: D-P indicates Drucker-Prager failure critirion and M-C indicates Molir-f'ouiomb failure critirion.
